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Note from the Editors

On behalf of the Stanford Economic Review Editorial Board, we are honored to present the
twelfth volume of Stanford University’s undergraduate economics journal.

Our publication has continued to benefit from robust growth in both readership and volume
of submissions, allowing us to reach new audiences across the globe. During the 2023-2024
academic year, we have also made it a priority to strengthen our presence in the Stanford
community. Most notably, in an effort to bridge the gap between Stanford faculty and stu-
dents, we started organizing ”Econ Conversations”—informal meetings between professors
and small groups of undergraduates.

This journal issue features undergraduate work on topics ranging from the effects of geopo-
litical risk on cryptocurrency markets to the dynamics between pitchers and batters in
Major League Baseball. Commentary pieces written for our publication over the course
of this year have contributed to the dialogue surrounding several key issues, opportuni-
ties, and policies impacting the United States and the world at large, including the rise of
antimicrobial-resistant infections, the role played by voluntary carbon offsets in the fight
against climate change, and the future of the US dollar in the global financial system.

We would like to take this opportunity to once again extend our gratitude to the authors
whose writing appears in this journal edition and on the commentaries section of our website.
Finally, we would like to thank the Stanford Economics Association (SEA) and the Stanford
Economics Department for their thoughtful support of our publication and its mission.

Karthick Arunachalam and Eric Gao
2023-24 Editors in Chief
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Analyzing the Effects of Geopolitical Shocks on the
Cryptocurrency Market

Tucker Saland

Department of Economics, Princeton University

Abstract— The Russo-Ukrainian war had an asym-
metric effect on cryptocurrency prices, with some
cryptocurrencies appreciating and functioning as
hedges against geopolitical risk, even as the rest of the
market experienced a downturn. In the aftermath of
the war, exchange-level data indicates that individuals
in Russia and Ukraine purchased increased amounts
of Tether, a stablecoin pegged to the US dollar. This
paper has two objectives: (1) examine whether there
exists a geopolitical risk premium in the cross-section
of cryptocurrency returns using a rolling regression
of excess weekly returns on the geopolitical risk index
by Caldara, Iacoviello (2018) and control factors, and
(2) understand the role of stablecoins during times of
geopolitical turmoil. Exposure to geopolitical risk is
not constant over time, and investors are willing to
pay a premium for assets with predictable returns in
response to geopolitical shocks. In addition, there is
evidence that stablecoins are used as stores of value
during geopolitical events and were potentially used
as mediums of exchange in Russia to bypass economic
sanctions. This research contributes to the growing
body of cryptocurrency asset pricing literature. It un-
derscores the need for regulators to carefully consider
cryptocurrencies when making policy decisions, given
their potential for misuse.

I. Introduction
Since its inception in 2009 as the first decentralized

digital currency, Bitcoin has inspired the creation of
numerous other cryptocurrencies, with CoinMarketCap
(2022) listing 18,000 coins on the site as of March 2022.
With their extreme volatility and high average returns
relative to traditional currencies (Brauneis & Mestel,
2018), cryptocurrencies are viewed as a new asset class.
As a result, recent economic literature has focused on
developing an appropriate asset pricing model for cryp-
tocurrencies to complement modern investment theory
by identifying risk factors that drive excess returns.

Economic debate has centered around whether these
cryptocurrencies should be considered currencies, in-
vestment vehicles, or speculative assets. Since Bitcoin
returns follow closely with financial conventions (Fama
et al., 2019), some economists argue that Bitcoin and

I would like to thank Professor Jonathan Payne and Yinuo Zhang
for their continued advice and support throughout this project. I
am also grateful for Oscar Torres-Reyna, Narek Alexanian, Filippo
Palomba, and Benjamin Cai for their invaluable feedback and
critiques of my work. Lastly, I would like to thank the entire ESS
department for their countless hours spent helping me to debug and
refine my models.

other cryptocurrencies merely function as speculative
assets. However, a key argument among cryptocurrency
enthusiasts is that these digital currencies function as
stores of value, given their use as mediums of exchange.
Empirical evidence has shown that Bitcoin appreciates
during inflation shocks, supporting the idea that it may
be a hedge against inflation (Choi & Shin, 2022). While
recent research has primarily focused on the effects of
monetary policy and economic shocks on the price of
cryptocurrencies, the impact of geopolitical tension on
cryptocurrencies has yet to be explored.

During times of political uncertainty, investors tend
to reallocate their funds from risky investments to safe-
haven assets, such as the US dollar, treasury bills, or
gold, which tend to retain their value even when the
overall market experiences a downturn (Baur & McDer-
mott, 2010). Since cryptocurrencies are largely unregu-
lated and highly volatile, one might expect that these
currencies would not be safe hedges against geopolitical
risk. However, given their ease of access and decentralized
nature, people will turn to these currencies as a means of
exchange to bypass economic sanctions and governmental
restrictions during time of political turmoil. Stablecoins,
which peg their value to safe-haven assets, such as the
US dollar or Japanese yen, will be especially attractive
to individuals in affected regions due to their price
stability and utility as stores of value. Data from the
Kaiko, a Paris-based cryptocurrency research provider,
lends credence to this theory, with ruble-denominated
bitcoin volume surging to a 9-month high of 1.5 billion
RUB on March 22, 2022, following the Russian invasion
of Ukraine (Godbole, 2022). Similar increases in ruble-
denominated trading volume were observed for Tether
(Figure 1), a reserve-backed stablecoin whose price is
anchored to the US dollar. Following the invasion of
Ukraine, Russians were willing to pay a premium relative
to its underlying value to protect against the depreciating
value of the ruble (Kharif, 2022).

With the rapid emergence of cryptocurrencies and
recent case studies, such as the Russo-Ukrainian War,
indicating that stablecoins may function as safe-haven
assets in response to geopolitical shocks, it is essential
to understand how the dynamics of the cryptocurrency
market change in response to geopolitical shocks. The
focus of this paper is twofold. The first objective is to
examine whether a geopolitical risk premium exists in
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Fig. 1: Ruble-Denominated Tether Volume in February
2022 Note. Following the Russian invasion of Ukraine on
February 24, 2022, there was a marked increase in trading
volume. Data aggregated from Binance (2022).

the cross-section of cryptocurrency returns by calculating
βGPR – a measure of a given coin’s exposure to changes
in geopolitical risk. The second objective is to understand
the role stablecoins play during geopolitical turmoil by
first considering the global cryptocurrency market before
focusing more specifically on the Russo-Ukrainian War.

I hypothesized that since assets with the most positive
geopolitical betas act as risk hedges, with spikes in
geopolitical risk coinciding with greater returns, risk-
averse investors should be willing to pay a premium
for these high-βGPR assets. During political turmoil,
when other assets perform poorly, the marginal utility of
additional income increases. Assets with the most nega-
tive geopolitical betas have lower payoffs when geopo-
litical risk is high. Thus, investors holding low-βGPR

assets should be compensated with a premium relative
to high-βGPR assets since they are exposed to more
systematic risk, consistent with findings from Long et al.
(2022). However, contrary to this initial hypothesis, there
is no statistically significant difference in returns between
low-βGPR and high-βGPR assets when accounting for
other known risk factors in cryptocurrency returns.

Unlike existing literature, I examine the variation in
geopolitical risk exposure among cryptocurrencies over
time and find that most cryptocurrencies have geopoliti-
cal betas that are highly volatile. Cryptocurrencies with
the greatest variance in their geopolitical betas are the
least predictable in response to changes in geopolitical
risk and markedly outperform cryptocurrencies with the
most stable geopolitical betas in returns, even when
adjusting for other risk factors. These excess returns
cannot be fully explained by current asset pricing models,
suggesting that there exists a safe asset premium in the
cross-section of cryptocurrency returns. One potential
rationale for this safe asset premium is that when βGPR

is constant, investors can anticipate how the asset will
react to changes in geopolitical risk and can diversify
their portfolios accordingly. Investors holding assets with
volatile geopolitical betas are compensated for this addi-
tional risk, resulting in abnormal returns.

On a macroscopic scale, changes in geopolitical risk
are not a significant determinant of stablecoin use. VAR
estimates indicate that a shock in geopolitical risk has a
negligible effect on Tether volume relative to an equiv-
alent shock in implied cryptocurrency market volatility.
This result suggests that in the global cryptocurrency
market, investors reallocate their funds into stablecoins
during times of market uncertainty, avoiding the time
and monetary costs of withdrawing entirely while read-
justing their portfolios to better align with their risk
tolerance. In Russia and Ukraine, there is evidence that
stablecoins were used as stores of value and mediums of
exchange during the war. Stablecoins allow individuals to
protect against depreciating currency value in their home
country, benefiting those affected by conflict. However,
if used to circumvent economic sanctions, as suggested
by the findings in this paper, regulators should carefully
consider these cryptocurrencies when making policy de-
cisions.

II. Literature Review
There is substantial economic literature on asset pric-

ing in traditional markets, which serves as the basis for
recent research on cryptocurrency pricing. The cross-
section of returns among stocks has been extensively
studied in academic literature since Sharpe introduced
the Capital Asset Pricing Model (CAPM) in 1964, pos-
tulating a linear relationship between market risk and
expected stock returns (Fama & French, 2004). In the
subsequent years, numerous anomalies were discovered in
stock returns that could not be adequately explained by
the CAPM model, such as size (Banz, 1981), value (Basu,
1977), and momentum (Jegadeesh & Titman, 1993).
Empirically, it has been shown that small-cap stocks, on
average, outperform large-cap stocks, value stocks tend
to outperform growth stocks, and winning stocks (those
that have performed well previously) tend to outperform
the market. These findings prompted Fama and French
(1993) to develop a three-factor model which combines
the value premium with size and the excess market risk
factor of the CAPM model, which was later extended
by Carhart (1997) to include an additional momentum
factor.

These pricing models, however, cannot be directly
applied to crypto assets as they fundamentally differ
from traditional financial instruments, such as stocks,
which are priced based on the present value of ex-
pected dividends and cash flows (Campbell & Shiller,
1988). As a result, economic literature has started to
examine crypto-specific characteristics to explain the
cross-section of cryptocurrency returns. Liu et al. (2020)
constructed three common risk factors that are specific
to the cryptocurrency market, adopting a similar ap-
proach to Fama and French (1993). They discovered that
the combined effect of size and momentum can explain
most of the cross-sectional variation in cryptocurrency
returns. Liebi (2022) expanded on this research, finding a
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value anomaly in cryptocurrency returns using the active
addresses-to-network ratio as a valuation metric.

In 2018, Caldara and Iacoviello developed the geopo-
litical risk index (GPR), which measures geopolitical
risk through the algorithmic tracking of news headlines.
Within the existing literature, research into the effects of
geopolitical risk on cryptocurrencies has remained rela-
tively sparse and has primarily focused on Bitcoin. Using
a Bayesian Graphical Structural Vector Autoregressive
(BSGVAR) approach, Aysan et al. (2019) found that
GPR has predictive power on both returns and volatility
of Bitcoin. Long et al. (2022) built upon this research by
identifying variations in geopolitical risk exposure among
cryptocurrencies.

My research is unique in that, unlike the aforemen-
tioned studies, I explore how exposure to geopolitical risk
evolves over time. Long et al. (2022) construct long-short
portfolios to determine whether there is a difference in
returns between cryptocurrencies with differing levels of
exposure to geopolitical risk at a fixed point in time.
However, their analysis does not consider that a coin’s
sensitivity to geopolitical risk may not be stable over
time. In addition, my research focuses on stablecoin
adoption following geopolitical events. This area has not
been broadly explored in extant economic literature and
has significant implications for monetary policy and the
effectiveness of economic sanctions. However, this analy-
sis is not without its limitations. This paper employs time
series forecasting to examine the relationship between
stablecoin adoption and geopolitical risk, which, while
helpful in exploring patterns in the data, cannot directly
establish causality. Moreover, while Tether is used in this
analysis due to its long-standing and complete volume
history and its position as the largest stablecoin by
market capitalization (CoinMarketCap, 2022), adoption
rates for Tether may not necessarily reflect stablecoins
as a whole.

III. Data
Daily cryptocurrency data was collected from Coin-

MarketCap (Fig 2), which contains pricing information
and trading volume aggregated from all major exchanges.
CoinMarketCap is a reliable source for cryptocurrency-
related data and has been cited exhaustively in eco-
nomic literature (Liu et al., 2022). The data ranges from
01/01/2018 to 10/31/2022, and numerous filters were
applied to mitigate potential inaccuracies. The subset
of data used for cross-sectional analysis excludes stable-
coins. It consists of all coins with a market capitalization
greater than 1 million dollars in all observations and a
trading history longer than six months. As a proxy for
the risk-free return, I use the one-month treasury bill
rate gathered from FRED (2022), similar to the approach
used by Fama & French (2015).

Geopolitical risk (GPR) is defined as “the risk asso-
ciated with wars, terrorist acts, and tensions between
states that affect the normal and peaceful course of

Fig. 2: Summary of Daily Cryptocurrency Data
Note. 1,560,526 total observations, 1,984 cryptocurren-
cies in the sample, Mean Number of Days for cryptocur-
rencies=786.56 days

Fig. 3: 4-Week Treasury Bill Rate Over Time
Note. The Federal Reserve slashing the Fed Funds Rate
in response to the COVID-19 pandemic resulted in a
precipitous drop in the T-Bill rate during 2020.

international relations.” (Caldara & Iacoviello, 2018). I
account for this using the novel GPR index pioneered by
Caldara & Iacoviello. The index counts the frequency of
articles related to geopolitical risks in leading interna-
tional newspapers and spikes around major geopolitical
events, such as the Gulf War, 9/11, and the onset of the
COVID-19 pandemic (fig3), suggesting that it accurately
captures political instability. The data contains measures
of geopolitical threats and acts in addition to the com-
posite index.

The Cryptocurrency Volatility Index (CVI) is used in
this paper to measure overall volatility in the cryptocur-
rency market. The CVI is the cryptocurrency industry’s
analog of VIX, an index that tracks the market’s ex-
pectation of 30-day volatility. Kim et al. (2021) used
similar measures of cryptocurrency volatility, and I will
be using daily CVI pricing data from 3/31/2019 to
10/31/2022 (Figure 5) as a proxy for overall volatility
in the cryptocurrency market.

In order to examine the effects of the Russo-Ukrainian
War more precisely, ruble-denominated and hryvnia-
denominated Tether volumes were obtained through
Binance, one of the largest and most well-established
cryptocurrency exchanges (Sun et al., 2019). Binance
was used due to its easily accessible and segmented
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Fig. 4: GPR Index Over Time
Note. The GPR index constructed by Caldara & Ia-
coviello (2018) spikes around major geopolitical events,
such as 9/11 and the Russo-Ukrainian War.

Fig. 5: Price of CVI Over Time
Note. Data was aggregated from Investing.com (2022)
and spans 3/31/2019 to 10/31/2022.

data, though it may not be fully representative of the
overall cryptocurrency market. In addition, there has
been evidence of manipulated trading volumes on some
exchanges in recent years (Fratrič et al., 2022). From
this data, there is no way to definitively determine
that this trading activity originated from Russia and
Ukraine, respectively. Despite these shortcomings, this
data should provide a more detailed look at stablecoin
adoption in Russia and Ukraine due to the war.

In order to capture attention towards the Russo-
Ukrainian War among individuals in affected regions,
I gathered Google Trends data from 10/03/2021 to
01/01/2023. Using keyword data from Google, two in-
dices were constructed to capture interest in the war in
Russia and Ukraine. I defined the RussianWarIndex to
be (War+Ukraine)

2 , where War is the keyword score for
����� (the Russian word for war) among Russian users,
and Ukraine was similarly defined as the keyword score
for �����́�� (the Russian word for Ukraine) among Russian
users. An analogous measure was defined for Ukraine,
with the keyword interest in Russia used in place of
Ukraine. Google provides weekly scaled scores between
0 and 100 for these keywords, with 100 indicating that a
given week had the highest number of keyword searches
in the sample. Daily data was extrapolated from these
weekly scores using the Chow-Lin methodology (Chow
& Lin, 1971).

USD-RUB and USD-UAH exchange rates from
10/03/2021 to 01/01/2023 were aggregated from Yahoo!

Finance (2023) to investigate the impact of exchange rate
fluctuations on stablecoin adoption. Linear interpolation
was used for missing values, such as weekends and hol-
idays, to align with the available cryptocurrency data.

IV. Methodology
A. Asset Pricing

The methodology for this study is inspired by Carhart
(1997), who developed a four-factor model for asset
pricing to account for pricing anomalies that the CAPM
model did not capture. Using a similar approach to Long
et al. (2022), I calculate βGPR, a given coin’s exposure
to geopolitical risk, using a rolling regression of excess
weekly returns on change in GPR and control factors.
Weekly returns were used to reduce the impact of short-
term noise and volatility while maintaining sufficient
data points for analysis.

The results from Liu et al. (2020) show that size and
momentum effect are strong in the cryptocurrency mar-
ket. One factor that Fama & French used in their model is
HML (High Minus Low), which is the difference between
the return on a portfolio of high book-to-market ratio
stocks and a portfolio of low book-to-market stocks. Since
there is no book-to-market ratio for cryptocurrencies, the
Network Value to Transactions (NVT) ratio is used as an
analogous measure for the cryptocurrency market. The
NVT ratio is defined as Market Cap

Transaction Volume , and if the
NVT ratio for a given currency is high, then the market
cap is outpacing the on-chain transaction volume. Thus,
the currency may be overpriced relative to its value as
a medium of exchange, resulting in lower future returns.
The resulting regression equation is given as follows:
Ri,t−Rf,t = αi,τ +βGPR

i,τ ∆GPRt+βM
i,τ (Rm,t−Rf,t)+

βSMB
i,τ SMBt + βHML

i,τ HMLt + βWML
i,τ WMLt + εi,t.

Ri,t is the return on a particular coin, Rf,t is the
riskless return measured as the one-month treasury bill
date expressed as a weekly return, Rm,t is the market
return measured as the value-weighted return of all
available coins, and ∆GPRt is the percentage change
in the weekly moving average of the GPR index. The τ
indicates that the β’s are fixed for a year using a rolling-
window approach. The other regressors are calculated
using an approach similar to Carhart (1997). SMBt,
HMLt, and WMLt are the returns on zero-investment,
factor-mimicking portfolios for size, NVT ratio, and daily
momentum.

More precisely, each week, the coins are split into
deciles based on the moving average of each characteristic
for the previous week. The size factor (SMB) is the
difference in returns between equal-weighted portfolios
consisting of the smallest and largest coins based on mar-
ket capitalization. One prevailing theory in the literature
is that this size factor functions as an illiquidity premium
since small-cap coins carry more liquidity risk, which
is compensated with greater returns (Liu et al., 2022).
Similarly, each week, the coins are divided into deciles
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Fig. 6: USDT-RUB and USDT-UAH Trading Volume
Note. There was a significant increase in USDT-RUB and USDT-UAH trading volumes around the onset of the war
in February 2022. There is a similar rise in USDT-UAH trading volume in July of 2022, which coincides with a 25%
devaluation of the hryvnia relative to the dollar as a result of the war (Gorodnichenko, 2022).

Fig. 7: War Indices Over Time
Note. Data aggregated from Google Trends (n.d.). Both
indices reach their apex around the onset of the war in
February 2022, indicating that the indices likely proxy
war interest.

based on the average Transaction Volume
Market Cap over the previ-

ous week, with HML equal to the difference in returns
between portfolios constructed from the highest and
lowest deciles. This factor accounts for the value anomaly
observed in cryptocurrency returns, with research (Liebi,
2022) showing that crypto assets with a high active
addresses-to-network value ratio yield higher returns on
average than crypto assets with a low active addresses-
to-network value ratio and comparable size. The last
factor included in the regression is WML (Winners Minus
Losers), which accounts for the momentum anomaly in
cryptocurrency returns. Coins are separated into deciles
based on the three-week trailing returns, and the spread
in returns between portfolios formed from the top and
bottom deciles is equal to WML.

In this regression, βGPR denotes a given coin’s expo-
sure to geopolitical risk. A positive βGPR means that

spikes in GPR are associated with greater returns and
suggests that the coin is a hedge against increases in
GPR. Conversely, a negative βGPR suggests that a rise
in GPR results in lower returns for a given coin. It is
plausible that investors place more value on assets that
have higher returns during periods of political turmoil
since, during these times, when other investments are
performing poorly, additional income is at a premium.
Assuming that state prices increase with GPR, economic
theory suggests that investors holding low-BGPR as-
sets should be compensated with a premium relative to
higher-βGPR assets since they bear additional systematic
risk. As a result, it is expected that βGPR will be
negatively correlated with future returns, which would
align with findings from Long et al. (2022).

To test this hypothesis, all cryptocurrencies are sorted
into deciles on βGPR weekly, and a long-short port-
folio is constructed that longs the lowest decile and
shorts the highest decile. Similar long-short portfolios
are constructed based on the standard deviation of βGPR

over time to consider alternative hypotheses. These long-
short portfolios are evaluated using two models: (i) a
single-factor market model and (ii) a three-factor model
using the size, value, and momentum factors presented
by Liu et al. (2020). A statistically significant alpha
provides evidence of excess returns beyond what would
be expected from the factor model and indicates that
there exists a geopolitical premium in the cryptocurrency
market.
Rp,t −Rf,t = αp,τ + βM

p,τ (Rm,t −Rf,t) + εi,t
Rp,t−Rf,t = αp,τ +βM

p,τ (Rm,t−Rf,t)+βSMB
p,τ SMBt+

βHML
p,τ HMLt + βWML

p,τ WMLt + εi,t

B. Stablecoin Adoption
In order to examine the effects of geopolitical risk

on stablecoin adoption, I employ time series forecasting
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Fig. 8: Exchange Rates Over Time
Note. Russia experienced substantial currency depreciation following the onset of the war, as shown by the peak in
the USD-RUB exchange rate during February 2022. Unlike in Russia, the USD-UAH exchange rate did not remain
floating after the onset of the war. The National Bank of Ukraine (NBU) fixed the exchange to prevent widespread
panic. In July 2022, the NBU had to devalue the hryvnia by roughly 25% to relieve pressure on foreign exchange
reserves, improve the competitiveness of Ukrainian exports, raise more fiscal revenue, and align the official and cash-
based exchange rates, as seen on the graph (Gorodnichenko, 2022).

techniques. First, to determine whether geopolitical risk
helps forecast Tether volume, I construct a Vector Au-
toregressive (VAR) model, which fits a multivariate time-
series regression of each of the variables on lags of itself
and lags of all other variables. A VAR model captures the
interdependence and dynamic relationships among the
endogenous variables in the system. I include the Crypto
Volatility Index (CVI) as a proxy for overall volatility in
the cryptocurrency market, along with the GPR index,
and daily Tether volume. The number of lags in the
model was selected using the Akaike Information Cri-
teria (AIC). Each variable was checked for stationarity
using the Augmented Dickey-Fuller and Phillips–Perron
tests, and the model residuals were examined for serial
correlation using a Lagrange multiplier test. Log trans-
formations were applied to all endogenous variables to
measure impulse responses in terms of elasticities, and
robustness checks were conducted in levels to ensure the
choice of transformation did not drive the findings. The
VAR model has three equations, one for each endogenous
variable.

Impulse response analysis and Granger causality tests
were then conducted to determine whether there is
independence, unilateral Granger causality, or bilateral

Granger causality between the variables. This process
was then repeated using the subcomponents of the com-
posite GPR index. GPRActs and GPRThreats were used
as endogenous variables in the model in place of GPR to
determine whether investors react differently to the real-
ization of a geopolitical event compared to the potential
threat of one. I hypothesize that geopolitical risk will help
forecast Tether volume. I anticipate that both GPRActs
and GPRThreats will have predictive power for future
volume. However, I expect a shock in GPRActs to have
a more significant and longer-lasting impact on volume
since it quantifies geopolitical events that have tangible
effects on individuals. While this time series analysis
cannot establish causality between GPR and stablecoin
adoption, if GPR is found to be a meaningful predictor
of Tether volume, this may suggest that individuals turn
to stablecoins when geopolitical risk is high.

The final part of my analysis uses the Russo-Ukrainian
War as a case study to determine whether geopolitical
events lead to increased stablecoin adoption in impacted
regions. Two VAR models were estimated to identify
whether ruble-denominated and hryvnia-denominated
Tether volumes change in response to interest in the
war. For Russia and Ukraine, a VAR model was esti-
mated using currency-denominated Tether volume and
log transformations of each country’s war index and
exchange rate as endogenous variables. The number of
lags in the models was selected using the HQIC and AIC.
All variables were checked for stationarity, and model
residuals were examined for autocorrelation. The differ-
ence in logarithms was taken for the USD-UAH exchange
rate to ensure stationarity. The Johansen cointegration
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test was used to test for cointegrating variables before
estimating the VAR models. For Russia and Ukraine,
respectively, the VAR model is a set of equations of the
form:

V. Results
A. GPR in the Cross Section of Cryptocurrency Returns

In examining whether geopolitical risk is priced into
the cross-section of cryptocurrency returns, it is essential
to first determine the persistence of geopolitical risk
sensitivity over time and how it is distributed across
cryptocurrencies. A definitive pattern emerged in the
data when analyzing the rolling geopolitical betas. For
the vast majority of cryptocurrencies in the sample,
BGPR was not constant over time. While large market-
cap, well-established cryptocurrencies, such as Bitcoin,
had geopolitical betas that tended to remain stable
over time, smaller cryptocurrencies generally had highly
volatile geopolitical betas. This trend is illustrated in
Figure 7, with Dogecoin, a smaller market cap cryp-
tocurrency known for its high price volatility, exhibiting
high variance in geopolitical sensitivity over time. This
observation was supported empirically with a regression
of the logarithm of market cap on the logarithm of
the standard deviation of geopolitical betas over the
preceding six months and a constant. The coefficient
on ln(σ(BGPR)) was statistically significant at the 1%
level and indicates that a 1% increase in the standard
deviation of past geopolitical betas is associated with
a 0.41% decrease in market cap (Figure 20). For most
cryptocurrencies, geopolitical betas were close to zero,
with a plurality of cryptocurrencies exhibiting slightly
positive betas.

Smaller cryptocurrencies have greater geopolitical be-
tas in absolute value on average, which suggests that
they are comparatively more sensitive to geopolitical
risk than larger, more established cryptocurrencies. One
potential explanation for this phenomenon is that smaller
cryptocurrencies are inherently more volatile during pe-
riods of geopolitical uncertainty since they do not have
the same user base and infrastructure as more broadly
accepted cryptocurrencies. For instance, Ethereum has
achieved widespread adoption and has numerous use
cases beyond merely facilitating payments. There is a
network of decentralized finance applications on the
Ethereum blockchain, with various financial services,
such as lending, borrowing, and trading, being offered
in a decentralized, trustless manner (Leonhard, 2019).
When faced with geopolitical uncertainty, larger cryp-
tocurrencies with greater real-world utility are less likely
to experience demand shocks, resulting in smaller geopo-

litical betas in absolute value. This insight suggests that
major geopolitical events could lead to further market
concentration among large, established cryptocurrencies,
which could fundamentally change the dynamics of the
cryptocurrency market.

Contrary to my initial hypothesis, the long-short port-
folio constructed on BGPR did not have an alpha statisti-
cally different from zero. However, constructing the long-
short portfolio on the standard deviation of BGPR over
the preceding six months resulted in a statistically signif-
icant alpha, even when accounting for known factors in
the cross-section of cryptocurrency returns (Figure11).
These results were robust to changes in the window size
used to calculate standard deviation and indicate that a
safe asset premium exists in the cryptocurrency market.
Investors are willing to pay a premium for an asset that
moves predictably in response to fluctuations in geopo-
litical risk, even in the highly volatile and speculative
cryptocurrency market.

B. Global Stablecoin Adoption
The following outcome of interest in this study is

stablecoin adoption in response to changes in geopolitical
risk. A VAR model was estimated with endogenous vari-
ables ln(TetherVolume), ln(CVI ), and ln(GPR) using
a lag length of 15 days (Figure 22). There is bilat-
eral Granger causality between ln(TetherVolume) and
ln(GPR) (Figure 12), which supports the hypothesis that
geopolitical risk is useful in forecasting future stablecoin
volume. There is also bilateral Granger causality between
ln(TetherVolume) and ln(CVI ), which lends credence to
the theory that increased volatility in the cryptocurrency
market results in increased stablecoin since existing in-
vestors reallocate their funds into stablecoins, avoiding
the time and monetary costs of withdrawing entirely
while readjusting their portfolio to better align with
their risk tolerance. Impulse response analysis (Figure 8)
shows that a shock in the logarithm of market volatility
results in a significant increase in Tether volume the
following day, and this volume remains elevated over
the following week. The effect of a shock in geopolitical
risk is negligible in comparison, suggesting that in the
global cryptocurrency market, investors use stablecoins
as a means to balance portfolio risk during times of
uncertainty and that on a macroscopic scale, changes
in geopolitical risk are not a significant determinant
of stablecoin use. A VAR model was then estimated
using a lag length of 8 days with ln(GPRActs) and
ln(GPRThreats) as additional endogenous variables in
place of ln(GPR) (Figure 23). GPR Threats were found
to Granger cause Tether volume, while GPR Acts did
not have the same predictive power (Figure 24).

This finding contradicts my initial hypothesis and
suggests that investors are more reactive to the possi-
bility of geopolitical events and economic sanctions than
realizing these events themselves. One rationale for this
behavior is that investors are loss averse and increase
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Fig. 9: Persistence and Distribution of BGPR

Note. Large market-cap cryptocurrencies, such as Bitcoin and Ethereum, have geopolitical betas that remain
approximately constant over time. In contrast, Dogecoin, which has a comparatively less well-established ecosystem,
exhibits high volatility in its geopolitical beta over time. For the majority of cryptocurrencies, geopolitical betas are
close to zero, with small, positive betas.

Fig. 10

their holdings of stablecoins to mitigate potential losses
when geopolitical uncertainty is high. Investors need
more information about the future course of geopolitical
events, leading to greater uncertainty and a tendency to
overestimate the possibility of adverse outcomes. When
the realization of these events does not have as significant
of an impact as anticipated, and investors realize that the
broader markets are unlikely to be affected, this increased
stablecoin volume is not sustained.

C. The Russo-Ukrainian War

For the next part of my analysis, I consider the effects
of exchange rate fluctuations and interest in the Russo-
Ukrainian War on currency-denominated stablecoin vol-
ume in impacted regions. For Russia, I estimated a
VAR model with ruble-denominated Tether volume, the
logarithm of the USD-RUB exchange range, and the
logarithm of the Google Trends index tracking inter-
est in the war among individuals located in Russia as

9



Fig. 11

Fig. 12: Granger Causality Wald Tests
Note. There is bilateral Granger causality between ln(TetherVolume) and ln(GPR) at the 1% level and bilateral
Granger causality between ln(TetherVolume) and ln(CVI ) at the 5% level.
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Fig. 13: Impulse Response Functions
Note. This figure shows the impulse responses to a one-unit shock in the impulse variable. The blue line denotes
the impulse response with the 95% confidence interval captured by dashed lines. The vertical axes display the unit
change response, corresponding to a multiplicative change in the untransformed response variable. A shock in market
volatility (CVI) led to a marked increase in Tether volume the following day, with trading volume remaining elevated
the following week. In contrast, a shock in geopolitical risk has a negligible effect on Tether volume. A shock to market
volatility positively affects market volatility in the subsequent week, suggesting that volatility is persistent over time.
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endogenous variables. I used a lag length of 12 days
(Figure 25). The war index and exchange rate Granger
cause ruble-denominated Tether volume, and the war
index does not have predictive power for estimating
the exchange rate at the 10% level (Figure 26). While
the estimated effect of the shock is not statistically
different from zero at the 5% level, a shock to the USD-
RUB exchange rate (a depreciation of the ruble relative
to the dollar) results in a moderate increase in ruble-
denominated Tether volume in the following days (Figure
9), which supports the initial hypothesis that individuals
may turn to stablecoins as stores of value to protect
against depreciation. A one-unit shock to the logarithm
of the RussiaWarIndex results in a substantial increase
in ruble-denominated Tether volume in the following
weeks, with statistically significant increases in Tether
transacted five days after the shock. Volume remains
elevated two weeks later, suggesting that individuals
in Russia may view stablecoins as a safe haven asset
during times of geopolitical uncertainty. The increase in
stablecoin volume could be driven by individuals seeking
to protect their wealth from potential economic disrup-
tions and capital controls that may be imposed during
times of conflict. Following the invasion, leaders in the
United States, the United Kingdom, Japan, and other
countries endorsed disconnecting Russian financial firms
from SWIFT, and broad economic sanctions were placed
on Russia’s central bank (Greene, 2022). It is plausible
that these actions, which limit the ability of Russian
individuals and businesses to access the global financial
system and conduct cross-border transactions, resulted
in increased demand for stablecoins to circumvent these
restrictions. While this theory cannot be directly con-
firmed from the available data, future research should
examine stablecoin transactions involving Russian wal-
lets to more conclusively determine whether stablecoins
were used to bypass economic sanctions.

VI. Results
In analyzing the relationship between the variables

described and changes in presidential voting share, I ran
four corresponding regressions on the complete dataset
of county data available. For the data analysis, I used
analytic weights by population size to neutralize the
influence of disproportionately populated counties. As
this paper concerns county-level effects, regressions were
run with fixed effects to absorb the influence of broader
state correlations. Further, robust regressions were used
instead of Ordinary Least Squares (OLS) regressions.
The OLS method is traditionally very sensitive to data
outliers, and in the context of the often-volatile indica-
tors in my county-level data robust regressions was the
better technical choice. Finally, as the regressions eval-
uate twenty independent variables, I have additionally
included adjusted R-Squared values. Adjusted R-Squared
values decrease if independent variables do not possess
explanatory power, so they prove useful to determining

whether the variables examined are statistically signifi-
cant.

A similar VAR model was estimated for Ukraine using
a lag length of 10 days (Figure 27). However, unlike
in Russia, the USD-UAH exchange rate did not remain
floating after the onset of the war. In Ukraine, “the
dollar-hryvnia exchange rate is a measure of inflation,
purchasing power, and the overall health of the economy.”
(Gorodnichenko, 2022). To prevent widespread panic, the
National Bank of Ukraine (NBU) fixed the exchange on
the first day of full-scale war. While in the short-run,
the public regained confidence in the Ukrainian economy,
in July 2022, the NBU had to devalue the hryvnia by
roughly 25% to relieve pressure on foreign exchange
reserves, improve the competitiveness of Ukrainian ex-
ports, raise more fiscal revenue, and align the official
and cash-based exchange rates (Gorodnichenko, 2022).
As a result of this policy, the exchange rate remains fixed
apart from slight fluctuations throughout the sample,
with a significant increase during July, months after the
onset of the war. This pattern in the data allows us to
more precisely isolate increased Tether purchases result-
ing from concerns over currency devaluation from Tether
purchases stemming from the war and its effects more
broadly. The logarithm of the RussiaWarIndex and the
log change in the exchange rate Granger cause hryvnia-
denominated Tether volume at the 10% level (Figure 28).
A shock to the log change of the USD-UAH exchange
rate increased hryvnia-denominated Tether volume in
the following days. In contrast, the increase following a
shock in the war index was not statistically different from
zero (Figure 10). This observation suggests that currency
devaluation is a significant driver of Tether purchases
in Ukraine and that individuals may turn to stablecoins
as stores of value. Since Ukraine did not face the same
economic sanctions as Russia, it is unlikely that indi-
viduals were using Tether to evade financial restrictions,
which could explain the discrepancy in impulse responses
between the two countries.

VII. Discussion
The results above contradict my initial hypothesis

that cryptocurrencies with positive geopolitical betas
have low future returns relative to cryptocurrencies with
negative geopolitical betas, which challenges the theory
outlined by Long et al. (2022). Their study used less
recent cryptocurrency data and did not explicitly include
defunct cryptocurrencies to prevent survivorship bias,
which could explain the discrepancy in results. Lack of
replicability and inconsistency of results across studies
is a common challenge in the extant cryptocurrency
literature, and future research should continue to ex-
amine this phenomenon. The rolling regressions resulted
in geopolitical betas that evolve over time and point
to an alternative explanation for the geopolitical risk
premium in the cross-section of cryptocurrency returns.
Cryptocurrencies with volatile geopolitical betas had
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Fig. 14: Impulse Response Functions
Note. This figure shows the impulse responses to a one-unit shock in the impulse variable. The blue line denotes the
impulse response with the 95% confidence interval captured by dashed lines. Vertical axes display unit changes in
the response variable and are of different scales to retain the interpretability of the results. The estimated effect of
a shock in the USD-RUB exchange rate on ruble-denominated Tether volume is not statistically different from zero.
In contrast, there is a statistically significant positive effect on ruble-denominated Tether volume in response to a
shock to the Russia War Index, with volume remaining elevated two weeks later.

higher returns than those with more stable betas, even
when accounting for known cross-sectional factors in
the cryptocurrency market. This finding suggests that
investors pay a premium for assets that move predictably
in response to geopolitical shocks, which aligns with
risk diversification theory. Cryptocurrencies with volatile
geopolitical betas have risks that cannot be diversified
away, which may explain the premium observed in re-
turns. This insight has broader implications for the cryp-
tocurrency market and sheds light on investor behavior
in response to geopolitical shocks.

When looking at the global cryptocurrency market,

Tether volume is more responsive to changes in mar-
ket volatility than changes in geopolitical risk. While
this time series analysis does not establish causality,
it suggests that investors use stablecoins to balance
portfolio risk during market uncertainty. It was found
that geopolitical threats have more predictive power than
geopolitical acts in estimating future Tether volume,
indicating that speculation about geopolitical events is
a more significant driver of stablecoin volume in the
global cryptocurrency market than the realization of
these events. One potential limitation of this approach
is that it considered cumulative Tether volume across
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Fig. 15: Impulse Response Functions
Note. This figure shows the impulse responses to a one-unit shock in the impulse variable. The blue line denotes the
impulse response with the 95% confidence interval captured by dashed lines. Vertical axes display unit changes in
the response variable and are of different scales to retain the interpretability of the results. A shock in the log change
of the USD-UAH exchange rate has a statistically significant positive effect on hryvnia-denominated Tether volume
three days later. In contrast, the estimated effect of a shock in the UkraineWarIndex on hryvnia-denominated Tether
volume is not statistically different from zero.

exchanges and did not differentiate between individuals
purchasing Tether with traditional money versus other
cryptocurrencies. Future research should explore these
differences to gain a more nuanced understanding of the
factors driving stablecoin volume and their use as stores
of value and mediums of exchange.

When examining the Russo-Ukrainian War directly,
currency-denominated stablecoin volume in Russia and
Ukraine responded differently to changes in the exchange
rate and interest in the war. Changes in the Google
Trends war index in Russia resulted in a more substan-
tial increase in future ruble-denominated Tether volume
than shocks to the exchange rate. This finding could be

explained by the economic sanctions levied on Russia due
to the war and increased stablecoin use to circumvent
these restrictions. While this theory cannot be tested
empirically with the available data, if stablecoins were
used to bypass sanctions, this would have significant
implications for the global financial system and call into
question the effectiveness of economic regulation. Future
studies should examine stablecoin transactions involving
Russian wallets to gain further insight into whether these
cryptocurrencies were used to circumvent sanctions, and
policymakers need to consider regulation to maintain the
integrity of the global financial system.

Conversely, in Ukraine, stablecoins were used primarily
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as stores of value rather than means of exchange, with
shocks to the exchange rate having a statistically signifi-
cant effect on hryvnia-denominated Tether volume. This
discovery suggests individuals in Ukraine used Tether to
protect against the devaluation of their local currency,
which further bolsters my hypothesis that stablecoins are
used in place of traditional safe-haven assets when access
is restricted, such as in the case of war. However, it is
essential to note that these findings are specific to Tether
and may not necessarily apply to other stablecoins.
Another limitation of this study is that Google Trends
data was used as a proxy for interest in the war and
may not necessarily reflect actual sentiment. Additional
measures should be considered in future studies, such as
mentions of the war in international news.

VIII. Conclusion
Motivated by the increased prevalence of cryptocur-

rencies and their effect on global financial markets, this
paper furthers the literature on the relationship between
cryptocurrencies and geopolitical risk by accounting for
changing sensitivities over time and examining stablecoin
adoption following geopolitical events to shed light on the
evolving role of cryptocurrencies in the global financial
system. While earlier studies have attempted to identify
a geopolitical risk premium, no study has examined the
evolution of these geopolitical risk sensitivities over time
and how this results in abnormal returns. Moreover, this
study identifies the role of stablecoins as potential stores
of value and mediums of exchange during geopolitical
turmoil, which has meaningful implications for future
economic policy and raises concerns about the lack of
regulatory oversight in the cryptocurrency space. Stable-
coins, in particular, have come under increased scrutiny
from regulators due to their potential for illicit activi-
ties such as money laundering and terrorism financing
(Wilson, 2021). While stablecoins act as substitutes for
traditional safe-haven assets, directly benefiting those
affected by conflict, regulators still need to monitor
cryptocurrencies closely when making policy decisions
given their potential to help bypass economic sanctions.
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Appendix

Fig. 16: Summary of One-Month Treasury Bill Rate
(Collected Weekly)
Note. Data was aggregated from FRED (2022).

Fig. 17: Summary of GPR Index
Note. Data was aggregated from Caldara & Iacoviello
(2022).

Fig. 18: USDT-RUB Volume Over Time
Note. Data was aggregated from Binance (2023)

Fig. 19: Google Trends Data
Note. Data was aggregated from Google Trends (n.d.).

Fig. 20: Exchange Rate Data
Note. Exchange rate data from 10/03/2021 to
01/01/2023 (Yahoo! Finance, 2023).

Fig. 21: Correlation Between Standard Deviation of
Rolling Geopolitical Betas Over Past Six Months and
Market Cap
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Fig. 22: Model Coefficients for VAR Model with En-
dogenous Variables ln(TetherVolume), ln(GPR), and
ln(CVI ) Using a Lag Length of 15 Days
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Fig. 23: Model Coefficients for VAR Model with
Endogenous Variables ln(Volume), ln(GPRActs),
ln(GPRThreats), and ln(CVI ) Using a Lag Length of 8
Days
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Fig. 24: Granger Causality Wald Tests
Note. ln(GPRThreats) Granger causes
ln(TetherVolume) at the 1% level, but we cannot
reject the null hypothesis that ln(GPRActs) does not
Granger cause ln(TetherVolume).
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Fig. 25: Model Coefficients for VAR Model with En-
dogenous Variables Ruble-Denominated Tether Volume,
ln(USD − RUB), and ln(RussiaWarIndex) Using a Lag
Length of 12 Days

Fig. 26: Granger Causality Wald Tests
Note. The Russia War Index and USD-RUB exchange
rate Granger cause ruble-denominated Tether volume at
the 5% level of significance. The war index and exchange
rate Granger cause ruble-denominated Tether volume
and the war index does not have predictive power for
estimating the exchange rate at the 10% level.
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Fig. 27: Model Coefficients for VAR Model with
Endogenous Variables Hryvnia-Denominated Tether
Volume, ln(USD −UAH ) in First Differences, and
ln(RussiaWarIndex) Using a Lag Length of 10 Days

Fig. 28: Granger Causality Wald Tests
Note. The logarithm of the RussiaWarIndex and the
log change in the exchange rate Granger cause hryvnia-
denominated Tether volume at the 10% level.
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The Impact of the Russian Food Embargo on International Agri-Food
Trade
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Abstract— In 2014, after the Russian annexation of Crimea
and the resulting Western sanctions on Russia, Russia re-
sponded by imposing a ban on most food imports from the
sanctioning countries, which included the European Union, the
United States, Canada, Norway, and Australia. This study uses
a structural gravity model to empirically analyze the impacts of
the Russian food embargo on bilateral trade flows, welfare, and
prices, paying particular attention to the spillover impacts of
this trade restriction on third countries, or countries outside of
the ban. The key finding from this analysis is that many third
countries underwent price impacts due to the embargo that
were as large in magnitude as those for the directly-embargoed
countries. The results of this analysis show that sanctions can
have strong multilateral impacts that go well beyond their
intended scope.

I. INTRODUCTION

After Russia forcefully annexed Crimea from Ukraine in
February 2014, several Western nations enacted sanctions
on Russia in response. The United States, European Union,
and several other nations imposed targeted sanctions on
firms and individuals linked to the invasion and a trade
ban on military-related goods, among other measures. Russia
responded with counter-sanctions in the form of an embargo
on most agriculture and food imports from the United States,
the European Union, Canada, Norway, and Australia. The
ban, which was approved on August 7th, 2014, covered meat,
fish, milk and dairy products, fruits and nuts, vegetables,
and several derivative products. The embargo targeted a
significant volume of trade worth over $8.5 billion in 2013,
which made up from 30 to 45% of total Russian imports in
the affected industries.

This paper uses a structural gravity model to quantify
the effects that the food embargo had on consumers and
producers of all countries through the use of multilateral
resistance terms, as described by Anderson and van Wincoop
(2003). This paper specifically focuses on quantifying the
impact on countries not a part of the ban in 2014, or “third
countries.” Using a counterfactual simulation, it estimates
the change in trade flows between countries as a result of
the embargo and uses these changes to predict the impacts
on consumer prices and producer incidence of trade costs.
Given the magnitude of the trade disruption caused by the
Russian embargo, other studies have attempted to quantify
its impacts on trade, prices, and welfare. Crozet and Hinz
(2020) estimate the trade losses caused by sanctions related
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to the 2014 annexation of Crimea for both sides and for both
the embargoed products and total trade. They conclude that
most of the economic losses to the Western countries were
due to the Western sanctions on Russia, as opposed to the
countersanctions (i.e., the Russian food embargo). Cheptea
and Gaigné (2020) use monthly trade data in combination
with Russian customs data to estimate the effects of the ban
with a gravity model. They find that the embargo led to
EU exports being diverted to other markets at lower prices,
and that these diverted exports were more often to other
EU countries. In quantifying the amount of trade diversion
that occurred because of the embargo, they find that Russia
increased its monthly imports of banned goods from non-
embargoed countries by 182.5 million Euros, while European
Union countries increased their monthly exports to other
markets by 230.5 million Euros.

A number of other works have analyzed the Russian food
embargo based on computable general equilibrium (CGE)
approaches. Boulanger et al. (2016) compute the estimated
changes in production, trade, and prices for the banned
products with a CGE model. They report the major third
country destinations for diverted EU exports and sources for
new Russian imports. For Russia, these new sources include
Iran, Turkey, Ecuador, China, Belarus, and New Zealand.
They report North Africa as the largest destination for new
fruit, vegetable, and dairy imports from the EU countries.
Kutlina-Dimitrova (2015) uses a similar CGE method to
analyze impacts on major exporters and importers. She
estimates that the rest of the world (i.e. the third countries as
a whole) overall experiences an increase in welfare, defined
by equivalent variation, due to the changes in trade flows.

Of the several studies on the Russian food ban, there has
been little examination of the effect of the embargo on third
countries, and in particular, the implications of the embargo
for their consumer prices. There are several reasons for which
such impacts are important to consider. First, the countries
indirectly affected by trade sanctions (i.e., third countries)
such as the Russian food ban are often least developed
countries (LDCs) at greater risk for food insecurity. Even
small price ripple effects can have significant impacts on
countries for which a large share of household income
is spent on food. There is a dichotomous effect of price
increases on poverty: They can help households who are
involved in the production of food, but also hurt consumers
within the same country, though existing evidence suggests
that the latter effect dominates the former. Along these lines,
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Ivanic and Martin (2008) find that price increases for staple
foods in low-income countries increased poverty much more
often than they reduced it and that the price-driven increases
in poverty tended to be larger than income-driven poverty
reductions. Changes in food prices have historically had
profound political implications that go beyond their direct
economic impacts. Eating is, of course, a necessity, and
high food prices often elicit a public response, more so than
other prices consumers face. Along with underlying political
and social factors, food price inflation is often cited as
having contributed to the Arab Spring uprisings (Johnstone
and Mazo, 2011). Anticipating sudden price increases in
necessities like food and energy could help predict social
turmoil in politically sensitive places.

Furthermore, the Russian food embargo warrants study
because it is a prominent and recent example of a sudden
trade disruption, with such disruptions becoming more fre-
quent in the last decade largely due to geopolitical factors.
The use of economic policy is becoming an increasingly
common way nations exert their influence on the global stage
due to increased globalization. The United States has used
sanctions as a bargaining chip with countries like Iran, and
the 2022 Russian invasion of Ukraine brought on a flurry
of Western sanctions in unprecedented scope. The latter
event, along with the Black Sea grain blockade imposed
by Russia, is associated with profound changes in food and
energy prices all across the globe. These spillover effects
are extremely significant in policy discussions of inflation
and Western resilience to maintain sanctions for the long
term. The Russian food embargo provides a recent historical
example of such events and is also comparable to non-
agricultural sanctions and embargoes, like that of Western
countries against Russian oil.

This paper follows the methodology described by An-
derson and van Wincoop (2003). The inward multilateral
resistance (IMR) term measures the price index of a product
group for consumers of an importing country. Put differently,
IMRs capture the average incidence of trade costs that
consumers from a country face from all sources, including
their own country. Therefore, changes in IMRs can be
used to capture changes in theoretical price indices through
trade costs. The gravity model methodology allows for the
recovery of this term via the use of theoretically consistent
fixed effects, which I then use to analyze the impacts the
ban had on consumers around the world. The outward
multilateral resistance (OMR) term similarly measures the
ease for producers in a country to sell their product in all
countries, including their own, by capturing their average
barriers to trade. Changes in the OMR can therefore be
analyzed to see how producers were affected by a policy
change.

The use of multilateral resistance terms is an ideal way
to measure multilateral trade, welfare, and price impacts.
For example, Anderson and Yotov (2010) use these terms
to measure buyers’ and sellers’ incidences of trade costs
in Canadian provinces. Along similar lines, Anderson et al.
(2018) used changes in IMR and OMR terms to analyze the

effects of hypothetically removing all international borders.
The advantage of this method is that it allows us to analyze
the welfare impacts on countries that are not directly involved
with the policy event being studied since the multilateral
resistance terms capture the event’s effects on trade costs
between all countries and thus the multilateral impacts aris-
ing from changes in bilateral trade policy.

The results of this study indicate that some third countries
were as impacted by the ban as the embargoed countries
themselves in terms of changes in prices for consumers
and costs for producers. More third countries experienced
increases in IMR (relative to a reference country) than
decreases, and the increases in some cases were substantial,
particularly in the dairy industry1 . The vegetable industry
saw the most widespread price index changes as a result of
the ban, with over 40 third countries experiencing a greater
than 1% increase in their IMR for fresh vegetables. Third
country price increases due to the embargo are estimated to
be the largest in many western and central Asian countries,
while African countries tend to undergo the largest third-
country price decreases. Countries that are estimated to
experience the largest decrease in their IMR terms because of
the embargo typically also experience a large increase in their
OMR terms, or incidences of trade costs for producers, and
vice versa. The OMR saw changes greater in magnitude than
the changes in IMR. The geographic dispersion of the multi-
lateral resistance changes correlates with the trade diversion
as a result of the ban. Both the banned European countries
and Russia traded more with other parts of the world to make
up for the lost trade. Some countries, like Belarus, essentially
blunted the effects of the ban by absorbing imports from
Europe and increasing exports to Russia.

The implications of these results are that sanctions and
trade policies can yield indirect effects on third countries
which are comparable to those on the countries directly
affected by the restrictions. These impacts can manifest in
either higher or lower prices for consumers in third countries,
with the overall direction dependent on the magnitude of
trade diversion that occurs in response to the policy change.
Policymakers, therefore, should consider that sanctions could
impact the stability of the region of the targeted country
in their decision to enact such measures. The impacts of
sanctions can also be lessened if there are third countries
that can easily act as an intermediary for banned goods. If
policymakers seek to ensure that the impacts of sanctions
remain localized to the targeted country, and have a more
severe effect on its economy, measures should be designed in
such a way that they cannot be easily circumvented through
trade diversion or trade via intermediary countries.

The remainder of the paper is structured as follows.
Section 2 introduces the empirical methodology based on
the structural gravity framework. Section 3 describes the
data on trade flows by food industry. Section 4 describes the

1In the structural gravity model used in this paper, the IMR and OMR are
in terms of the IMR of a reference country, as will be described in Section
5. South Africa was chosen because of its relatively low and stable trade
levels with the embargoed countries and Russia.
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econometric results of the gravity equation. Section 5 details
the methodology for computing the counterfactual simulation
analysis. Section 6 presents the estimates on the effects of the
embargo on trade volumes and prices, with the latter captured
by counterfactual adjustments in the multilateral resistance
terms. Finally, Section 7 concludes with a discussion of the
results and their implications.

II. METHODOLOGY

To estimate the effects of the Russian food embargo on
trade and prices, I use the gravity model as specified by
Anderson and van Wincoop (2003):

xk
ijt =

ykity
k
jt

yWk
t

(
ykijt

Πk
itp

k
jt

)1−σk

(1)

where xk
ijt is the monetary value of trade from exporter

i to importer j in industry k during year t; ykit = Σjx
k
ijt

is the total value of production of goods in industry k
exported from country i to all countries j, including country
i itself, in year t; ykjt = Σix

k
ijt is the total value of

consumption of goods from k imported by country j from
all countries i, including j itself; yWk

t is the total value of
world production in industry k and year t; k

ijt are the bilateral
trade costs in industry k between exporter i and importer
j in year t; σk > 1 is the Armington-CES elasticity of
substitution between goods by country in industry k; Πk

it is
the outward multilateral resistance term that represents the
average (multilateral) impediments to trade faced by country
i in exporting goods to every other country including itself,
and P k

jt is the inward multilateral resistance for country j that
captures the average (multilateral) incidence of trade cost on
j’s consumers and which is also equal to the CES consumer
price index.
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Π1−σk

it = Σj

(
Y k
ijt

P k
jt

)1−σk (
ykjt
yWk
t

)

and P 1−σk

jt =

(
ykijt
Πk

it

)1−σk (
ykit
yWk
t

) (2)

The OMR term is constructed as a weighted average
of bilateral and multilateral trade costs between exporter i
and its trade partners j, with weights defined as j’s share
of total world consumption. Similarly, the IMR term for
importer j is a production-share weighted average of bilateral
and multilateral trade costs across j’s consumption sources.
These terms reflect that changes in trade costs and volumes
between two countries impact other countries outside of the
pair.

The Poisson pseudo maximum likelihood (PPML) method
is well suited to estimate the gravity model because it allows
for the inclusion of zero trade flows and is consistent and

unbiased in the presence of heteroskedasticity, which is com-
mon amongst trade data (Santos Silva and Tenreyro, 2006). I
use the PPML method estimate the following multiplicative
form of the gravity equation:

xk
ijt = exp{βk

0+βk
1EMBARGOijt+αk

it+δkjt+µk
ij}+ϵkijt (3)

where αk
it = −(1 − σk)logΠk

it + logykit are exporter-
time fixed effects, δkjt = −(1 − σk)logP k

jt + logykjt are
importer-time fixed effects, µk

ij are time-invariant country-
pair fixed effects. The exporter-time and importer-time fixed
effects control for changes that affect trade volume specific
to individual exporters or importers, such as changes in
domestic policies or production and consumption levels.
The country-pair fixed effects control for factors between
countries that affect trade volume but do not change over
time, such as distance. Egger and Nigai (2015) showed
that using country-pair fixed effects in this way controls
for time-invariant factors better than including variables on
factors like distance directly. Therefore, because of the fixed
effects, no other direct controls are necessary. EMBARGO
is a variable to measure if an exporter-importer pair was
affected by the embargo in year t. This variable is equal to 1
for every year the embargo was fully in place, but to account
for the ban being enacted in the middle of 2014, it is set at
0.4 for that year to represent the fraction of the year it was
in force2. Finally, ϵkijt is a mean-zero error term.

III. DATA

To estimate the gravity model given in Equation 3, I
use data on international trade flows in selected industries
from the International Trade and Production Database for
Estimation (ITPD-E) (Borchert, Larch, Shikher, Yotov,
2022). The ITPD-E covers trade flows for 256 countries
in 170 industries, and importantly for the structural gravity
model, contains information on domestic (intra-national, i.e.,
xk
ijtfori = j) trade flows as well as international (Yotov,

2022)3 . I look at five specific industries from 2000 to 2019
that were directly covered by the Russian food embargo:
fresh fruit, fresh vegetables, processing/preserving of meat,
processing/preserving of fish, and dairy products, which
together encompass the specific commodities targeted by
Russia’s import ban. The Russian food embargo encompasses
a list of agricultural products classified by Harmonized Sys-
tem (HS) commodity codes, whereas the ITPD-E classifies
several industries based on several different industry and
commodity nomenclatures. I match the banned HS commod-
ity codes to their corresponding ITPD-E industries for this

2While trade is likely to not be uniformly distributed throughout the year,
setting it as a fraction of time is the best approximation absent monthly trade
data.

3Yotov (2022) lists several reasons why domestic trade flows are im-
portant to include in the gravity model. Especially pertinent to this study,
they enable the identification of trade diversion as a result of bilateral trade
policies like the embargo.
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analysis4.
The goal of this paper is to evaluate the impacts the

ban had on food categories as a whole rather than the
exact products specified in the ban, so it is not essential
for the included industries to completely align with the
banned products. Nonetheless, given the wide coverage of
the ban, the five chosen industries correspond reasonably
exactly to the products covered by the ban. This is evident
by the dramatic drop in exports in these products from the
embargoed countries to Russia by the year 2015, as shown
in Figure 1. The non-banned industries (all other industries
besides the five indicated in Figure 1) only had a slight
decrease in 2014, as shown in spill over, and fell more
in 2015 but by a much smaller amount than the banned
industries. This demonstrates that the effect of other political
outcomes correlated with the sanctions did not lead to a
significant decrease in trade in the year of analysis, 2014.
Moreover, the figure makes clear that long-term trade in the
non-banned industries persisted while trade in the banned
industries remained close to zero.

IV. ECONOMETRIC RESULTS

I present the econometric results from equation (3) in Ta-
ble 1. The EMBARGO variable coefficient, βk

1 , is estimated
to be negative and statistically significant at the p < 0.01
level for every industry. The effect of the Russian food ban
on trade from an embargoed exporter to Russia in industry
k is estimated to be (exp{βk

1} − 1)*100 percent. Based on
the estimates for βk

1 for each industry, this corresponds to
average reductions in bilateral exports of –92.4% for fresh
fruit, –91.3% for fresh vegetables, –97.1% for dairy products,
–95.1% for meat, and –96.3% for fish.

V. COUNTERFACTUAL SIMULATIONS

To quantify the effects of the Russian food embargo,
I define a counterfactual scenario in which the embargo
was never enacted and simulate the predicted values of
trade in this setting based on the methodology developed
by Anderson et al. (2018). The effect of the food ban on
trade is captured in the EMBARGO variable coefficient, so
the simulation consists of switching this variable to zero for
all observations and then re-estimating the OMR and IMR
terms and trade between countries. The new IMR and OMR
values therefore represent the trade costs faced by consumers
and producers, respectively, throughout the entirety of 2014
if the embargo never occurred. The simulation holds all

4Fresh fruit, fresh vegetables, and dairy products are classified into the
agriculture sector, which use FAOSTAT Classification List (FCL) codes. To
prevent double counting, ITPD-E counts most meat products in the manu-
facturing sector, which is based on the International Standard of Industrial
Classification (ISIC) system. The HS codes for all meat products stipulated
by the ban (0201–0203, 0207, 0210, and 1601) correspond to ISIC4
classification 1010, which make up the ITPD-E’s processing/preserving of
meat industry. The HS codes for the banned fish and seafood products (0301-
0308), correspond mostly to ISIC4 codes 03 and 1040, which themselves
correspond to the “Fishing” and “Processing/Preserving of Fish” ITPD-E
industries, respectively. The trade value of the latter, however, is 10 times
larger than the former, so I chose “Processing/Preserving of Fish” to analyze
the effect of this part of the ban.

factors besides the embargo’s estimated effect on trade flows
constant. Since these other factors, like domestic policies, are
unchanged, we can then assume the differences in outcomes
in the simulation are caused solely by the embargo. For
trade, the differences represent the change in the value of
trade between two countries because of the embargo. The
differences in the IMR terms represent how the price index
for consumers changed, aggregated through the entirety of
2014, and the differences in OMR terms similarly represent
how multilateral trade costs for producers changed.

The multilateral resistance terms are interpreted relative
to a reference country (chosen for this purpose as South
Africa) whose importer fixed effects are excluded from the
estimation to avoid perfect collinearity between the fixed
effects and the intercept. I chose South Africa because its
trade with Russia and the embargoed country was stable
throughout the initial ban period and because it has a
satisfactory amount of trade across the industries, given that
its foreign trade levels are above the average of the dataset for
2014. Each IMR change can therefore be interpreted by how
much more or less consumers must pay for the different food
categories as compared to South African consumers over the
course of 2014, the year of analysis.

The simulations require a value for σk , which cannot
be directly identified from the estimation of equation (3).
σk is used to compute the estimates of the IMR and OMR
terms, as shown in equation (2), and also is used in the full
general equilibrium steps to compute changes in factory-gate
prices. To assign a value for σk, I use the trade elasticities
estimated by Fontagné et al. (2022) for this value. I take
the average elasticities from the banned meat groups (4-
digit HS headings 0201–0203, 0207, and 0210) to obtain
an elasticity of substitution value of 6.5, from the banned
fish groups available in the data from Fontagné et al. (4-digit
HS headings 0301–0307) to get an elasticity of 4.7, from the
banned vegetable groups (4-digit HS headings 0701–0714) to
get an elasticity of 5.6, from the banned fruit groups (0803-
0811, 0813) to get an elasticity of 8.0, and from the banned
dairy groups (0401–0406) to get an elasticity of 5.4.

I exclude banned HS codes 1901 (which includes food
preparations from flour, starch, etc., as well as from dairy
products) and 2106 (food preparations, not elsewhere speci-
fied) to avoid mixing products from the different industries.
I also exclude the nut products (0801–0802) from the fruit
groups because nuts are recorded under a separate industry
in the ITPD-E data and were not covered by the Russian
embargo.

Using the parameter estimates yielded by estimation of
equation (3), I compute baseline bilateral trade flows for each
industry in the year 2014 under the baseline scenario where
the food embargo was in place:

xk,Bij14 = exp{β̂k
0 + β̂k

1EMBARGOij14+ α̂k,B
i14 + δ̂k,Bj14 + µ̂k

ij}
(4)
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Here, ”∧” signifies the parameter estimates estimated by
equation (3). Equation (4) generates the baseline trade flows,
x
(
ij14k,B), which are later compared to the trade flows from

the counterfactual. To get the baseline IMR and OMR terms,
I use the importer and exporter fixed effects to calculate
equation (5) as per Fally (2015):

˜
ΠB1−σk

it = ŷk,BR14ŷ
k,B
it exp{−α̂k,B

i14 and
˜

PB1−σk

jt =
ŷk,Bit

ŷk,BR14

exp{−δ̂k,Bj14 }
(5)

Then I create the counterfactual simulation to evaluate the
effect of the food embargo by first re-estimating αk

i14, δki14
with the observed trade flows from the ITPD-E and the coun-
terfactual EMBARGO variable (EMBARGOC

ij14), which
is set to zero for all countries to represent the counterfactual
scenario where Russia did not impose the food embargo:
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xk
ij14 = exp{β̂k

0+β̂k
1EMBARGOC

ij14+αk
i14+δki14+µ̂k

ij}+ϵkij14
(6)

This step computes the conditional general equilibrium
model, where total output and expenditures are unchanged,
generating new conditional fixed effects α̂C

i14 and δ̂Cj14. From
these fixed effects, I get the conditional changes in IMR
and OMR in the same manner as the baseline step. Using
the new estimated values, I compute counterfactual bilateral
trade flows:

xk,C
ij14 = expβ̂k

0 + β̂k
1EMBARGOC

ij14 + α̂k,C
i14 + δ̂k,Cj14 + µ̂k

ij

(7)
This step generates the conditional counterfactual changes

in trade. Next, to get estimates for the full general equilib-
rium effects, I begin an iterative procedure to account for
changes that the conditional equilibrium effects would have
on factory-gate prices, output, and expenditure as described
by Anderson et al. (2018). First, I allow factory-gate prices,
denoted by pk,CFL

it , to adjust to the changes in the multilat-
eral resistances:

∆pk,CFL
i14 =

(
exp(α̂k,C

i14 )/y
k
R14

exp(α̂k,B
i14 )/y

k
R14

) 1

1−σk

(8)

where α̂k,C
i14 for the first loop of the iterative procedure

is the importer fixed effect from the conditional general
equilibrium step and ykR14 is the expenditures of the reference
country, South Africa, in year 2014. With these changes in

factory-gate prices, I then compute new values for income,
yCFL
i14 , and expenditures, yCFL

j14 , for each country:

yk,CFL
i14 =

(
pk,CFL
i14

pk,Bi14

)
yk,Bi14

and yk,CFL
j14 =

(
pk,CFL
j14

pk,Bj14

)
yk,Bj14

(9)

These new values are used to recalculate the trade flows,
which I then use to re-estimate the structural gravity model in
the same manner as the conditional general equilibrium step.
This produces new values for the fixed effects, which are then
used for the new α̂k,CFL

i14 to repeat the iterative procedure
again until the change in factory-gate prices is sufficiently
close to zero. Once this final step is completed, the generated
fixed effect and trade flows are used to create the full general
equilibrium metrics, which are the full estimates for the
counterfactual scenario in which Russia never enacted the
food ban.

VI. SIMULATION RESULTS

A. Trade Diversion

By comparing the baseline trade flows from equation (4)
with the trade flows predicted in the full general equilibrium
model, we can estimate the embargo’s overall impact on trade
between countries. These differences for the year 2014 are
reported in Table 2.

The largest estimated trade losses are found in the meat
industry, while the vegetable industry undergoes the smallest
decrease; however, the estimated impacts are comparable
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in magnitude across all the industries. Overall, the trade
loss totaled to $4.3 billion in 2014, a 51.7% decrease. The
considerable lost trade led to both parties, Russia and the
embargoed countries, diverting trade to other markets. For
embargoed countries, the trade diversion can be to third
countries, or to other embargoed countries. Table 3 shows
the changes in value and percentage for trade in the countries
affected by Russia’s import ban for each industry. The
difference between the baseline model and the full model
is given by the rows labeled “Full Change” and is negative
for vegetables, dairy products, and meat. The negative values
do not indicate that these countries were less inclined to trade
with one another due to the embargo, but rather that the effect
the embargo had on decreasing the prices for these foods was
dominant over the change in the overall quantity of trade.
The contrasting signs on several of the results between the
conditional and full general equilibrium models demonstrate
this, because the conditional model does not allow prices and
production to adjust.

Trade diversion was considerable for many third countries.
Table 4 reports the countries that received the most diverted
trade throughout the five studied industries. Geographically,
it can be seen that the embargoed countries traded the most
with large economies in East Asia, followed by Ukraine and
Belarus in Eastern Europe, and then with several countries
near the Middle East and North Africa region. Given that
many of the targeted agricultural goods are highly perishable
(e.g., meat, dairy), the EU’s immediate neighbors in Eastern
Europe and the MENA region are the most logical choice for
new trade. China is the obvious exception, but most of the
diverted exports to China were in the meat and fish industries,
accounting for $198 million of the $255 million increase.
Many of Russia’s new trade partners, on the other hand, were
located far away in South America. This reflects the fact that
while food consumption is more evenly spread throughout
the world, food production is highly regional.

Also notable is the scale of Russian trade diversion com-
pared to that of the embargoed countries. In total, Russia
is estimated to have imported around $3.7 billion more
in food products from the third countries as a result of
the embargo. The embargoed countries only exported $1.7
billion more to third countries in comparison. This result
is partially explained by the price effect; the EU countries
had to sell their exports at a cheaper price while Russia
had to pay more for its imports. However, the disparity
is not entirely due to the price effect since the analogous

changes estimated under the conditional step (in which prices
are held constant) amount to around $2.1 billion and $3.4
billion for the embargoed countries and Russia, respectively.
The remaining difference is mostly due to the embargoed
countries trading amongst themselves.

Most third countries experienced an increase in foreign
trade as a result of the embargo. Arkolakis et al. (2012)
showed that a decrease in the share of expenditures devoted
to domestic goods implies a welfare gain, so most third coun-
tries benefited from the embargo on net. However, as will be
demonstrated in the next section, consumers generally were
worse off in most third countries while producers gained
from the food embargo. Some third countries, however, did
experience decreases in trade. These countries were often net
importers who bought from the exporters that Russia pivoted
towards because of the embargo.

B. Effects on Consumer Prices

The effect on the price index for consumers for each of
the product groups k is estimated with the change in the IMR
term for a country j in year t: P k

jt. I will use the terms IMR
and consumer price index interchangeably. Estimates of this
term for each country are interpreted as changes relative to
the designated reference country, South Africa.

Unsurprisingly, Russian consumers faced the largest in-
crease in prices in each of the industries. In contrast, the
largest decreases in consumer prices are typically estimated
to occur for the embargoed European countries, and generally
those countries more proximate to Russia. Notably, the
increase in prices faced by Russia was always larger than
the largest price decrease of any embargoed country.

Certain third countries, however, faced price changes that
were larger in magnitude than many of the embargoed
countries. This was particularly true for countries facing price
increases. Table 5 reports the third countries that experienced
the largest consumer price increases, showing that the largest
impacts were in the dairy industry. Within this industry,
the largest IMR decrease for the embargoed countries was
Lithuania, which is estimated to have undergone a –3.2%
change in its consumer price index for dairy compared to
the reference country of South Africa. Kyrgyzstan, Kaza-
khstan, Belarus, Ukraine, Tajikistan, Moldova, Mongolia,
Turkmenistan, Armenia, and Azerbaijan all undergo esti-
mated IMR increases greater in magnitude than that, demon-
strating the significance of the indirect effects of the food
embargo. Other studies on trade disruptions typically neglect
these indirect effects, but this analysis shows that they can
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be very large. Kyrgyzstan’s increase was only 2.8 percentage
points less than Russia’s IMR increase, which was 12.4%.
Countries that increased their exports to Russia often had
price increases resulting from the increased Russian import
demand. However, many countries that did not undergo
significant shifts in their trade with Russia also experienced
price increases if they were geographically close to Russia,
such as Tajikistan, because they import from the same dairy
producers as Russia and were therefore indirectly affected
by the increase in Russia’s import demand resulting from
the embargo.

The dairy industry had the most profound IMR changes for
third countries out of the five industries, but also notable was
the number of countries impacted by the ban on vegetables.
Over 40 nations besides Russia experienced at least a 1%
increase in the price index for fresh vegetables as a result
of the Russian ban, the highest being Azerbaijan, Armenia,

Tajikistan, Iran, and Turkey. Map 1 depicts these countries,
showing that the price effects rippled through Asia, Eastern
Europe, and the Middle East. The third country increases in
the fish industry were quite small, with no country estimated
to undergo an IMR increase greater than 1%.

While price increases were predominant, there were also
some third countries that experienced price decreases be-
cause of the ban. What is significant about these third country
examples is that the effects were sometimes larger than
many of the embargoed countries themselves. Gambia, for
example, experienced a larger IMR decrease than 27 out of
the 32 embargoed countries for fresh vegetables. However,
price decreases were generally small in magnitude and less
prevalent than price increases. The loss of trade between the
embargoed countries and Russia represents a much larger
share of total trade for Russia, since Europe provided much
of Russia’s food imports, but Russia was merely one of many
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export destinations for the EU. This fact explains why the
consumer price changes in the embargoed countries were
much smaller than those for Russia, and thus why more third
countries experienced spillover price increases.

C. Effects on Producer Incidence of Trade Costs

Lastly, I analyze the effect of the embargo on producers
with the change in the OMR term for a country i in 2014:
Πk

i14. This approach follows Anderson and Yotov (2010),
who use the OMR as the sellers’ incidence of the bilateral
trade costs for a study of Canadian trade. The estimated
changes in the OMR terms can therefore be used to measure
the effect of the trade embargo on the multilateral trade
costs faced by producers. As in the preceding analysis, the
OMR is also interpreted relatively to the designated reference
country’s (South Africa) IMR.

Table 6 shows the countries with the five largest increases
and decreases in their OMR term for third countries. In
contrast with the patterns observed in the results on the IMR
term, there were more countries with estimated decreases
than increases in OMR and the decreases tended to be
larger. Notably, many of the countries that undergo the
largest increases in their IMR term also experience the
largest decline in their OMR term. For example, in the dairy
industry, Belarus is estimated to undergo the third highest
increase in the consumer price index (+8.3%) and also
experiences the largest overall decrease in the OMR term
(–16.0%).

The OMR changes tended to be larger than the IMR
changes, implying that producers are estimated to have borne
a greater share of the incidence of changes in multilateral
trade costs. In line with the estimates on IMR changes, dairy
also had the highest OMR changes among the five industries.
The OMR effects were most geographically widespread in
the vegetable industry, with over 50 third countries having
greater than a 1% change as a result of the ban.

Several third countries also experienced significant OMR
increases because of the embargo. Fresh fruit and fresh

vegetables were the only industries for which any countries
experienced a greater than 1% increase in OMR, which
include the Central African Republic and the Democratic
Republic of the Congo for vegetables and The Gambia for
fruit. While the countries with the greatest decrease in OMR
tended to be in Central Asia, the top 5 countries by increase
in OMR in the fruit and vegetable industries were all in
Africa. Many of these countries are lower income countries,
which illustrates that the embargo had large impacts on
people at risk of food insecurity.

VII. CONCLUSION

Sanctions and trade embargoes have become an increas-
ingly prevalent form of trade disruption in the modern global
economy. The disruptions caused by such bans on trade have
significant impacts on prices, welfare, and trade flows for the
directly-affected nations as well as third countries. While
there have been studies on the impacts on directly-affected
nations for such policies, there has been less attention paid
to the third-country effects, effects which I find in my
analysis to be large and widespread. Given that countries’
food economies are inextricably linked via the global trading
system, any disruptions to particular trading linkages will
necessarily have spillover effects on third countries not
directly involved in the disruption, effects which, as this
study shows, can be considerable. This study uses a structural
gravity framework to quantify the effects of the Russian
food embargo, making use of the gravity model’s multilateral
resistance terms to evaluate the effects on trade volumes and
prices, and in particular, the multilateral impacts caused by
this significant trade disruption.

My simulation estimates depict that Russia diverted more
of its trade to third countries than did the embargoed coun-
tries, and this trade diversion was thus associated with much
larger price increases for consumers in third countries than
price decreases. The price increases were often geographi-
cally clustered around Russia in Eastern Europe and Central
Asia, while price decreases were most commonly found for
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African countries. The embargoed countries predictably had
the largest price decreases for consumers, but the third-
country price increases were often greater in magnitude,
which highlights the significant multilateral effects of the
embargo. Notably, the embargoed countries were estimated
to undergo an expansion in the quantity of trade with each
other, which helps to explain in part why these countries
undertook relatively less third-country trade. However, the
value of this intra-embargoed trade was actually lower with
the embargo because of the embargo’s downward effect on
prices in these countries. Producers similarly faced a lower
incidence of trade costs in many third countries as consumers
faced higher prices, usually in the same countries that are

closer in proximity to Russia.

Ultimately, the results of this analysis underscore the
consequences of bilateral trade disruptions for the global
economy, and critically, the multilateral/spillover effects that
such disruptions engender. By illustrating how price and
welfare effects ripple across borders via the reallocation
of trade, the findings of this study can help predict how
countries will be affected by trade disruptions in the future.
This analysis is additionally applicable to trade issues beyond
agri-food industries. With the recent introduction of a number
of large-scale trade sanctions or embargoes, for instance,
Western bans on Russian oil as part of the sanctions over the
2022 Russian invasion of Ukraine the analysis of events such
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as the Russian food embargo are key to developing policy
recommendations towards mitigating the harmful effects of
such disruptions.
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Abstract— This study reveals that commercial banking back-
grounds of corporate executives negatively impact corporate
innovation by reducing patent applications, researcher em-
ployment, and R&D expenses. The effects intensify as the
number of executives possessing such backgrounds increases.
A novel machine learning framework, ML-DID, is outlined to
mitigate endogeneity concerns, including omitted variable bias
and selection bias in the setting of “Panel Data with Multiple
Treatment Timing.” Its robustness is tested against various
specifications using the random forest algorithm. Additional
analysis demonstrates that the impact of a banking background
is strongest among firms with financial constraints and in less
competitive industries.

I. INTRODUCTION

”Commercial Banking Backgrounds” refer to corporate
executives who have previously served in the banking indus-
try for commercial banks. Such a background holds immense
value for corporations as it often provides opportunities for
obtaining larger loans and receiving preferential treatment
from banks, endowing them with distinctive advantages over
their counterparts. Executives with banking experience can
leverage their financial expertise to benefit their corporations.
However, it is worth noting that those in these positions
may display conservative tendencies. Bamber et al. (2010)
suggest that executive managers with financial backgrounds
often make conservative revenue forecasts that underestimate
future earnings. Considering these contrasting factors, the
impact of banking backgrounds on corporations, particularly
their capability to innovate—a crucial element for long-term
growth—remains uncertain.

Corporate innovation catalyzes competitive advantage, en-
abling companies to differentiate themselves, foster growth,
and expand into new markets. It also plays a crucial role
in addressing societal challenges such as environmental
sustainability, income inequality, and healthcare (Robinson,
1999; Muthuri et al., 2012). Hence, this study provides
valuable insights for public policymakers and corporate
managers. They can understand the impact of executives with
banking backgrounds and formulate effective strategies to
utilize these bank-firm connections better. So, how will ex-
ecutives possessing banking backgrounds affect innovation?
The presence of banking backgrounds could conceivably
bolster a firm’s innovative abilities by endowing it with
sufficient financial resources necessary for research projects.
On the other hand, these backgrounds, which contribute to
the firm’s financial stability, along with the risk-averse nature
commonly observed in these executives, might impede long-

term endeavors such as innovation (Bamber et al., 2010).
Pressure from investors to prioritize short-term profits can
further discourage the pursuit of innovation as a growth strat-
egy (Stein, 1989; Holmstrom, 1989; Acharya & Lambrecht,
2015).

Based on an empirical analysis using a comprehensive
dataset on Chinese publicly listed firms from the China
Stock Market & Accounting Research (CSMAR) database,
the findings demonstrate that corporations where at least one
executive possesses a commercial banking background tend
to exhibit a lower level of innovation. This is reflected in
the reduced number of patent applications, expenditure on
research and development (R&D), and fewer R&D personnel
compared to firms without such a banking relationship. The
relationship is both economically and statistically significant.
Notably, this effect is most pronounced in industries with
lower competition levels and higher financial constraints.
Corporations often prioritize financial stability over inno-
vation in these sectors, contributing to the observed lower
innovation rates. Conversely, in highly competitive industries
and firms with ample funding, I observed a weak influence
of commercial banking backgrounds on corporate innovation.
This is attributed to the intense market competition, which
compels firms to prioritize ongoing development efforts to
stay competitive, and the availability of sufficient financial
resources to support innovation.

Endogeneity concerns can be a severe problem in this
study. Reverse causality and self-selection bias will either
increase or decrease the point estimate. Instead of executive
banking backgrounds causing lower innovation, there are
possibilities that firms with lower innovation might attract
executives with banking backgrounds due to reasons such as
risk aversion or a preference for conservative management
styles. Additionally, executives with banking backgrounds
may choose to work in industries or firms that align with their
skills and preferences, which could result in less innovation.
This bias could arise from the executives’ own preferences
or the hiring practices of firms.

To this end, I propose a new machine learning frame-
work that tests and mitigates the abovementioned biases.
Resembling the difference-in-differences approach, ML-DID
(Machine Learning-Driven Difference-in-Differences) lever-
ages the characteristics of each firm to train a machine
learning model that predicts the firm’s inherent potential
for innovation in the present context. In other words, the
model plays a role in estimating the counterfactual innovation
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capacity of firms in the absence of a bank-firm relationship
during the years when such a relationship was present. This
method offers several advantages, particularly because it
circumvents the need for a parallel trend assumption. The
estimator is trained on the same set of firms as the sample
used to estimate the effect of banking backgrounds. An
inherent strength of ML-DID lies in its ability to accom-
modate potential unobserved shocks that might impact firm
innovation under the data structure of “Panel Data with
Multiple Treatment Timing”—that is, the binary treatment
indicator has a unique timing of assignment for each entity.
By utilizing data from each year in the training process
under the “multiple treatment timing” setting, the model
becomes empowered to account for broad-level fluctuations
spanning the entire sample period and capture patterns
that linear models cannot capture (Mullainathan & Spiess,
2017). An additional advantage is that researchers are free
to add additional features (variables) to train the model,
as machine learning algorithms will automatically exclude
unimportant features. ML-DID effectively neutralizes any
confounding effects, similar to the standard difference-in-
differences method.

To further ensure the robustness of the results and the
validity of this new methodology, I have also emphasized
traditional econometric methods, controlling for several vari-
ables related to a firm’s motivations to innovate. These
controls include industry- and year-fixed effects. Moreover, I
have incorporated additional proxies for innovation, such as
patent shock, patent citation, and R&D per employee. Ad-
ditionally, I have employed propensity scores matching with
various specifications. The main results remain unaffected
despite these changes in specifications. Remarkably, the neg-
ative relationship between banking background and corporate
innovation persists across these different approaches. This
persistence strongly suggests a causal effect of banking
background on corporate innovation and further supports the
validity of the methodology in this context.

This paper makes two marginal contributions. First, it
fills a literature gap by combining research on commercial
banking and corporate innovation from a unique perspective.
Investigating the importance of a banking background as an
alternative means of establishing close connections between
firms and banks sheds light on a previously unexplored
area. This empirical finding has far-reaching implications
for policy-making and corporate management. Policymakers
aiming to foster innovation and economic growth can utilize
this knowledge to design targeted initiatives and frameworks
that reduce excessive bank-firm connections and create an en-
vironment conducive to innovation. Corporate managers, too,
will gain insights into the potential long-term consequences
of reducing innovation efforts once they recognize the effect
of a banking background. Second, the paper introduces a ma-
chine learning approach that is easy to implement and allows
for various specifications. This approach serves the essential
purpose of mitigating self-selection bias and omitted variable
bias, which are common challenges in empirical research.
The method’s versatility is particularly valuable in overcom-

ing limitations in traditional econometric methods, especially
when the difference-in-differences approach becomes invalid
due to unparallel pre-trends. Though the current method may
still be in its early stages of development, its potential to
mitigate biases in ways that traditional econometric methods
cannot makes it a promising avenue for future research. By
providing a robust tool for addressing bias concerns, the
proposed machine learning approach represents a valuable
contribution to empirical research on banking and corporate
innovation.

The paper is organized as follows. In Section 2, a review
of existing literature is undertaken. In Section 3, I introduce
the data set employed in this study while expanding on the
methodological approach utilized. Subsequently, in Section
4, an exposition of the empirical model is provided. Section
5 presents the results derived from a series of sensitivity
tests to augment the robustness of the findings. In Section
6, additional analyses are undertaken, exploring various
parameters to unravel the nuances of the relationship under
investigation. Section 7 concludes.

II. LITERATURE REVIEW

The exploration of banking backgrounds within the realm
of financial economics assumes importance, as commercial
banks play a pivotal role in shaping the financial landscape of
firms. Executive managers possessing such backgrounds fos-
ter a unique connection with banks, which provides advan-
tages including mitigating information asymmetry, bolstering
the monitoring capabilities of banks, and fortifying the re-
source allocation and corporate management of firms (Fama,
1985; James, 1987; Besanko & Kanatas, 1993; Gorton &
Schmid, 2000; Levine, 2002; Yildirim, 2020). Consequently,
firms exhibiting a predilection for banking institutions reap
the benefits of lower loan rates and more relaxed collateral
requirements (Berlin & Mester, 1999). Furthermore, bank
loans are vital in ameliorating a firm’s financial constraints
(Barth et al., 2006; Pan & Tian, 2015). Aslan (2016) and
Dwenger et al. (2020)’s studies also show that the strength of
this relationship holds substantial influence over investment
structures, and a reduction in lending activities decreases firm
employment. Additionally, broader evidence from Acharya
and Xu (2017)’s study on US firms suggests that publicly
firms engage in external finance such as borrowing from
banks appear to have greater capabilities for innovation than
their private counterparts.

Nevertheless, another cluster of empirical evidence, put
forth by Gao (2008) and Lin et al. (2009), indicates that
firms with robust bank-firm connections often exhibit poorer
performance than their counterparts. This can be due to
insufficient investment as a result of bank shareholding. Dass
and Massa (2011) argue that a strong bank-firm connection
reduces the firm’s stock liquidity by introducing informa-
tion asymmetry, which leads to adverse selection for other
market participants. Given the mixed results of the bank-
firm relationship on various aspects of corporate finance, it
is important to examine the effects carefully. This present
study makes a marginal contribution to the existing body
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of literature by illustrating the ramifications of a specific
form of bank-firm relationship—the banking background of
corporate executives—on corporate innovation. The explo-
ration of corporate innovation assumes great importance, as it
occupies a central position in a firm’s long-term advancement
and bolsters the firm’s competitive position within the indus-
try (Solow, 1957). Benfratello et al. (2008) discovered that
the establishment of banks augments the likelihood of pro-
cess innovation, particularly in high-tech sectors and small-
scale enterprises. Cornaggia (2015) revealed that banking
competition curtails innovation at the state level but fosters
innovation within private firms, especially those reliant on
external financing. Lastly, Francis et al. (2012) proposes
an inverse relationship, contending that patenting activities
furnish banks with privileged information, thereby cultivating
stronger bank-firm connections and facilitating superior loan
arrangements.

It is crucial to acknowledge Holmstrom’s (1989) observa-
tion that corporate innovation is an endeavor fraught with
a considerable likelihood of failure owing to its reliance
on a multitude of unpredictable factors. Given compelling
evidence from literature, it becomes clear that financially
constrained firms tend to exhibit a subdued proclivity for
innovation, driven by their desire to circumvent the risks
associated with innovation failures (Savignac, 2008; Zhao &
Zhang, 2023). Following this logic, the presence of execu-
tives with a banking background within corporations could
potentially serve as a conduit for alleviating these finan-
cial constraints, fostering innovative activities. However, my
study has provided different evidence on this subject—bank
backgrounds of executives lead to a decrease in corporate
innovation activities. This can be attributed to the fact that
bank-firm connections may lead to a reliance on established
financial relationships, discouraging organizations from risk-
taking. The emphasis on stability and risk mitigation can
impede the willingness to take calculated risks and explore
unconventional avenues for innovation.

In the end, although these previous studies have delved
deep into the market structure and corporate governance
in relation to bank competition and innovation, only a few
studies have examined how private or personal connections
of firm executives and banks could affect corporate in-
novation. For example, Liu et al. (2020) presents a very
similar study to this paper, examining the effect of a fi-
nancial background on corporate innovation with data on
Chinese firms. However, that paper focuses on a broader
range of backgrounds, including investment banking, venture
capital, or management consulting. Additionally, problems
with endogeneity have yet to be fully resolved despite the
various specifications employed by the authors. However,
this study provides early evidence of the detrimental effect of
executives with a general financial background on corporate
innovation. Hence, this paper fills a literature gap, provides
a new methodology, and offers valuable insight into another
imperative channel through which banks could affect firm
innovation and long-term progress.

At last, this study also relates to a body of literature that

combines machine learning algorithms with causal inference.
While the mainstream literature in this domain centers on
the acquisition of previously unavailable economic data or
factor analysis (Kang et al., 2013; Hoberg & Phillips, 2016;
Donaldson & Storeygard, 2016; Leippold et al., 2022; Obaid
& Pukthuanthong, 2022, among others), only a limited subset
of studies delve into the application of machine learning
methodologies to mitigate the problems posed by endogene-
ity and confounding variables. Lee et al. (2010) introduces
a novel approach employing machine learning algorithms to
estimate propensity scores. Athey and Imbens (2016) employ
sample partitioning to attain a valid confidence interval
for estimating treatment effects. Furthermore, Farrell et al.
(2019) investigate the application of deep neural networks
to enable semi-parametric inference, encompassing treatment
and decomposition effects. Nonetheless, these methods often
rely on rigorous assumptions such as unconfoundedness
that are either infeasible to fulfill or challenging to apply.
Thus, this study aims to present a straightforward framework
that enables researchers to address the issue of endogeneity
within the context of a binary independent variable across
multiple time periods.

III. DATA

Given the substantial role personal connections play in
bank loaning, China’s socio-political context offers an avenue
for exploring the relationship between corporate innovation
and banking background. To investigate the influence of
possessing a banking background on corporate innovation,
I obtain data from the China Stock Market & Accounting
Research (CSMAR) Database, which provides information
regarding publicly listed firms, including asset structure,
quarterly performance, and executive backgrounds. It is
important to note that the scope of my investigation is lim-
ited to private-owned firms, thereby excluding state-owned
enterprises from the analysis, as the latter often exhibit
different characteristics. Additionally, financial sector firms
are excluded following the approach of Hirshleifer et al.
(2012), and data is winsorized at the 1st and 99th percentiles
to mitigate extreme values. Upon processing the data and
excluding observations with missing innovation measures
and banking background indicator, the final dataset contains
20,532 observations, encompassing 74 industries and span-
ning over 2008 to 2020. This newly recorded data allows
me to provide valuable current information for policymakers
and corporate managers. Definitions of all the variables can
be found in Table I.

A. Banking Background Measures

The CSMAR database contains details on corporate exec-
utives’ financial backgrounds for individual firms, including
Regulatory Authorities, Securities Companies, Investment
Management Companies, Commercial Banks, and more.
Upon processing this data, I construct a binary variable Bank
that assumes a value of 0 when none of the executives
possess any experience in the realm of commercial banking.
Conversely, it assumes a value of 1 when at least one
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executive boasts such a background. Additionally, to study
the nuance of this relationship, I also construct the variable
BankNum that represents the number of corporate execu-
tives having commercial banking backgrounds. These two
variables are sufficient to capture the variations in banking
backgrounds and allow me to conduct further investigations.

B. Corporate Innovation Measures

I implement several variables that measure various dimen-
sions of a firm’s capability for innovation, drawing upon
established literature. Firstly, to assess a firm’s commitment
to innovative projects, I utilize the metric of corporate
expenditure dedicated to research and development (RD).
Secondly, the quantity of patents granted (Patent) is a direct
and tangible proxy for outcomes resulting from innovative
activities (Hirshleifer et al., 2012). However, it is important
to note that while the number of patents approved offers
valuable insights, it fails to capture the precise timing of the
innovation process accurately. Hence, I employ the number
of patent applications instead, as it better aligns with the
actual timing of the development of the patent (Li, 2011).
Thirdly, the number of employees (Personnel) engaged in
research and development activities is a significant indicator
of a firm’s potential for innovation (Ouimet & Zarutskie,
2014; Chang et al., 2015; Hong et al., 2016).

In addition to these three main proxies, I incorporate the
variable Citations, which capture the number of times a
firm’s patents are referenced on an annual basis (Trajtenberg,
1990; Albert et al., 1991; Hall, Jaffe and Trajtenberg, 2001,
2005). Self-citations are excluded from this analysis to ensure
robustness. Chang et al. (2015) points out that this proxy
may be prone to truncation bias, as patents developed long
ago are afforded more time to accumulate citations. In order
to mitigate this bias, I created a two-year gap by excluding
data from 2021 and 2022 to allow citations to accumulate
and adopt a fixed-effect approach, which involved scaling
the citations within a given year by the mean citation counts
across all industries during that same year. Furthermore,
I construct the variable PatShock, denoting patent shock,
which expresses patents in relation to the firm’s total assets,
measured in millions of RMB, following the methodology
proposed by Fang et al. (2017). PatShock offers insights
into the magnitude of a firm’s patent activity relative to
its overall financial standing, thereby capturing the relative
importance of innovation within the company’s framework.
At last, I formulate the variable RDPerson, which signifies
the R&D expenditure per employee involved in research
projects. This measure indicates the resource allocation and
investment intensity dedicated to each individual engaged in
corporate innovation.

C. Control Variables and Features

To ensure the robustness of my analysis and isolate the
exogenous variation of banking background, I included an
array of control variables including firm characteristics and
macro fluctuations from the CSMAR database. Following
Hall and Ziedonis (2001)’s argument that capital-intensive

firms generate more patents, I control for total assets (TA)
and fixed assets (FA) (Luo et al., 2011; Pan & Tian, 2015).
I also include return on assets (ROA) to capture the prof-
itability of operation. Operating revenue growth (ORG) and
market-to-book ratio (MBR) are also included to capture
growth opportunities of a firm. To account for the life cycle
of firms, I also control for enterprise age (Age). Macro level
factors consumer price index (CPI) and gross domestic
product (GDP ) are included to control for fluctuations
across years. Tobin-Q accounts for investment opportunities
and Herfindahl-Hirschman Index (HHI) accounts for market
concentration (Atanassov, 2013; Chemmanur & Tian, 2011).
At last, I include the total number of executives for each firm
(ExeNum), which accounts for corporate governance.

The above variables are also utilized to train the machine
learning models that are used to predict the counterfactual in-
novation outcome if the firm does not possess executives with
banking backgrounds. However, to demonstrate that these
features are sufficient to capture the variation in innovation,
I also employ additional variables on firm characteristics to
ensure that the firm’s current situation is captured. These 50+
variables are documented in the Online Appendix.

D. Measurements of Market Competition and Financial
Constraints

To study the effect of market competition on the relation-
ship between banking background and corporate innovation.
I rely on two indices of market concentration. The concen-
tration ratio index is calculated as follows,

CR =

(
n∑

TORi

)
/TOR (3.1)

where TORi is the Total Operating Revenue of top n
firms, while TOR presents the entire industry. Following this
formula, CR4 represents the top four firms’ concentration
ratio of the industry, and CR8 represents the top eight firms’
concentration ratio of the industry.

Additionally, two measures of financial constraints are
adopted. Following Kaplan and Zingales (1997) and Wei et
al. (2014), the construction of the KZ index for each firm is
through estimating the regression (3.2):

KZt =β1 ·
CFt

TAt−1
+ β2 · Levt + β3 ·

Dt

TAt−1

+ β4 ·
CASHt

TAt−1
+ β5 · TobinQt (3.2)

where CFt is cashflow at year t;TAt−1 is total assets in the
previous year; DIVt is the cash dividend of year t,Levt is
the ratio of long-term liabilities to assets, and CASHt is the
cash holding of year t.

Referencing Whited and Wu (2006), the WW Index is
constructed as follows:

WWi,t = −0.091 · CFi,t − 0.062 ·DivDi,t+

0.021 · Levi,t − 0.044 · TAi,t + 0.102 ·ORGj,t−
0.035 ·ORGi,t (3.3)
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where CFi.t is the cashflow of firm i in year t; DivDi,t is
the dummy variable of cash dividend payment; Levi,t is the
ratio of long-term liabilities to assets; ORGj,t is the industry
operation revenue growth and ORGi,t is the firm operation
revenue growth.

E. Descriptive Statistics

Table II displays the descriptive statistics for the vari-
ables discussed earlier in the preceding sections. This table
provides several valuable insights. Firstly, it is revealed by
the Bank variable that approximately 23 percent of the
firm-year observations have at least one commercial banking
background. Secondly, the maximum number of connections
between banks and firms in this particular sample is 6, as
indicated by the variable BankNum. Additionally, the three
primary independent variables each exhibit a range from 0
to 19.508, 0 to 4.942, and 0 to 7.898, respectively. Compar-
atively, these ranges appear skewed when juxtaposed with
their respective means. Consequently, log-transformations
are applied to these variables to address this asymmetry.

Figure 1 illustrates the distribution of commercial banking
backgrounds in various industries. The size of the circle
indicates the size of the industry. It is evident that there
are indications of a selection bias across different industries,
although the bias is not significant as the ratios generally
hover around the average of 0.238.

Figure 1 also displays the distribution of commercial
banking backgrounds across industries. The x-axis presents
the two-digit level industries, while the y-axis presents the
ratio of corporations with banking backgrounds over the total
number of corporations. The radius of each circle indicates
the size of the industries in the sample.

Table III unveils the correlations among key variables. A
noteworthy pattern emerges as the correlation between Bank
and all three independent variables manifests as negative.
This preliminary analysis sets the stage for further explo-
ration in my study. Furthermore, it is crucial to emphasize
that Bank exhibits relatively weak correlations with the
control variables, relieving concerns of multicollinearity.

IV. EMPIRICAL MODEL

A. Baseline Model

I first present the baseline fixed-effect model for estimating
the effect of banking background on innovation,

Innovi,j,l,t = β0 + β1 Banki,j,l,t +βnXi,j,l,t (4.1)
+ αt + αj + εi,k,t

where Innovi,j,l,t denotes the firm-level innovation indica-
tors including RD, Patent, and Personnel. Banki,j,l,t
denotes the binary variable of bank-firm connection of firm
i in industry j and city l at year t. Xi,j,l,t denotes an array
of control variables at the firm level and macro level. Details
about these variables can be found in Section 3.3.

In order to capture the variations across different indus-
tries, industry-level fixed effects (αj) are included in the
analysis. These fixed effects serve to control unobservable

factors that are specific to each firm and may have an impact
on both corporate innovation and the employment of execu-
tives with a commercial banking background. Moreover, to
account for the economic conditions and potential macroeco-
nomic shocks, time-fixed effects (αt) are introduced. These
fixed effects help to control changes in corporate innova-
tion over time, ensuring that temporal fluctuations do not
influence the estimated effects of interest. An alternative
combination of time-fixed effects and city-fixed effects is
also tested to validate the consistency of the estimate.
Additionally, industry clusters are employed at the single-
digit level, allowing for interactions between firms within
the same industry cluster. This approach mitigates problems
of autocorrelation within industries.

B. ML-DID Framework

The issue of endogeneity poses a significant challenge to
identification in the context of the current study. One possible
approach to address this problem is to utilize instrumental
variables in a two-stage least regression. In their research on
the relationship between financial background and firm inno-
vation, Liu et al. (2020) suggest two instruments: the average
number of executives with financial backgrounds within a
province and the industry’s average ratio of executives with
financial backgrounds. However, it is important to note that
even with these instruments, the problem of endogeneity
persists. This is because the provincial mean number of exec-
utives may reflect the financial development of the province,
and provinces with varying levels of financial development
might exhibit different levels of innovation. Similarly, the
average ratio of executives with financial backgrounds across
industries can influence innovation through channels other
than just financial backgrounds. Furthermore, when I tested
these instruments with the data from the present study, the
results were negative but statistically insignificant. As a
result, alternative strategies or additional instruments may be
required to improve the identification of causal effects and
draw more robust conclusions.

Therefore, I suggest utilizing a machine learning frame-
work that can be applied to diverse scenarios of “Panel Data
with Multiple Treatment Timing” to address the problem of
endogeneity and yield a more accurate estimation of the
impact of commercial banking background. This approach
combines machine learning techniques with the conventional
difference-in-differences method.

Figure 2 provides a clear visual representation of the pro-
posed methodology. Panel A demonstrates how the interven-
tion or treatment effect ( δtreat ) is represented and calculated
using the conventional differencing approach. This method
relies on the assumption that the control group follows a sim-
ilar trend as the treatment group, thereby canceling out any
confounding effects. However, in practical applications, it is
often challenging to satisfy this “Parallel Trend Assumption.”
To address this limitation, the ML-DID method, illustrated
in Panel B, utilizes a machine learning model trained solely
on pre-treatment data from the treatment group. The model
predicts the outcome of post-treatment data based on the pre-
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treatment information. The difference between the predicted
and actual outcomes represents the treatment effect (δtreat ).
In simple terms, the machine learning model does not know
the treatment factor (corporate background) in this context,
but it considers all other firm characteristics. Consequently,
the prediction also reflects the trend of innovation in the
absence of treatment for the treated group. This allows for
a comparison of expected outcome values and facilitates the
calculation of the treatment effect.

Notes: The figure displays the canonical and ML-DID
approach for a standard difference-indifference design. Panel
A presents the canonical approach: a treatment group (red
line) and a control group (green line), while Panel B presents
the ML-DID approach: a treatment group (red line), and a
predicted trend (grey line). In both panels, τ denotes the
time when intervention is implemented and βtreat denotes
the treatment effect.

It is crucial to recognize that machine learning models
are not infallible in predicting outcomes. The error term (εi)
that arises from these predictions captures the influence of
unobserved factors that the model lacks information about.
Nonetheless, if the machine learning model possesses an
equivalent predictive capability for both the treatment group
and the control group, any confounding effects can be
mitigated. Based on this observation, I make the following
assumption:

Assumption 1. Equal Predictive Power Assumption
The prediction errors from the machine learning algorithm

are constant across the treatment and control groups.

E [εi1(0)] = E [εi1(1)]

To examine the validity of this assumption, a straightforward
approach is to independently apply the same machine learn-
ing model specification to both the treatment group and the
control group, utilizing the same dataset. This enables a com-
parison of the average errors between the two groups using a
two-sample t-test. By assessing whether there is a statistically
significant difference in the mean errors, researchers can gain
insights into the comparability of predictive power between
the treatment and control groups.

Before elaborating on the identification strategy, we first
construct our predictor with a random forest:

Ti(X,Y ) =

Mi∑

j=1

Leaf (j,X, Y, θi,j) (4.2)

where Mi is the number of leaves (terminal nodes) in the i-
th decision tree. Leaf (j,X, θi,j) is a function that evaluates
to a value based on the features X , outcome Y , and the
parameters θi,j associated with leaf j in tree i. Then, we
have our random forest estimator Ψ(X,Y ) as,

Ψ(X,Y ) =
1

N

N∑

i=1

Ti(X,Y ) (4.2)

Assume Ψ(T,X) is the machine learning algorithm em-
ployed, where T is the treatment indicator of whether
training data is the control group (0) or treatment group

(1), and X is a set of features that are used to predict an
outcome. E [Yi1(0) | D = 1] is the actual outcome. Then, the
prediction is composed of two parts:

E [Ψi (Yi0(0),Xi0) | D = 1] = E [Yi1(0) | D = 1]+E [εi1(0)]
(4.3)

E [Ψi (Yi0(1),Xi0) | D = 1] = E [Yi1(1) | D = 1]+E [εi1(1)]
(4.4)

This allows us to establish the following equation for ATT:

E [Ψi (Yi1(1),Xi1)−Ψi (Xi0,Yi0(0)) | D = 1] (4.5)

Proof:
ATT = E [Yi1(1)− Yi1(0) | D = 1]

= E [Yi1(1) | T = 1]− E [Yi1(0) | D = 1]

= E [Ψi (Yi1(1), Xi1) | D = 1]− E [Ei1(1)]

− E [Ψi (Xi0, Yi0(0)) | D = 1] + E [Ei1(0)]

= E [Ψi (Yi1(1), Xi1) | D = 1]

− E [Ψi (Xi0, Yi0(0)) | D = 1]

= E[Ψi(Y i1(1), Xi1)−Ψi(Xi0, Y i0(0)) | D = 1]

Some might argue that in machine learning, using the same
data for training and testing can lead to inaccurate error
estimates because of the risk of overfitting. However, in this
specific scenario, this approach is still valid. The models
are designed to generalize and avoid overfitting, and in the
case of panel data, when predicting the treatment outcome
using a model trained on the control group, the predictions
are still applicable to the same firms. The purpose of this
test is to show that the model produces similar errors for
both the treatment and control groups, allowing for the
cancellation of the error. It’s important to note that this
assumption is different from the parallel trend assumption
commonly used in difference-in-differences analysis. This
approach acknowledges the presence of selection bias and
focuses solely on evaluating the predictive power of the
machine learning algorithm. Its goal is to determine whether
the features from the treatment and control groups contain
similar information for predicting the outcome.

For detailed steps on testing this Equal Error Assumption,
please refer to Table IV, which provides researchers with
a reliable framework for assessing these considerations. To
clarify, steps 5 and 6 are the first and second stages of
the ML-DID (Machine Learning Difference-in-Differences)
method. In the first stage, the method predicts the outcome
for the treatment group using data from the control group.
Then, in the second stage, a regression analysis is performed
using the predicted outcomes and the actual outcomes of the
treatment group.

This study, which focuses on commercial banking and
corporate innovation, aims to determine the impact of having
a corporate executive with a banking background on a firm’s
innovation capabilities. The paper introduces two definitions
to facilitate the analysis: Bank Years and Non-Bank Years.
Bank Years refer to firm-year observations where the variable
Bank is equal to one, indicating the presence of a bank-firm
connection. In other words, these are the years when the firm
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has a connection with a bank. On the other hand, Non-Bank
Years encompass firm-year observations where the variable
Bank is equal to zero. However, to ensure the integrity of our
machine learning predictor, all firms without any bank-firm
connection throughout the entire sample period are excluded
from this category. This approach guarantees that irrelevant
firms do not influence the machine learning model in the
analysis.

In this study, I use a generic predictor and features
representing firm characteristics and macro conditions. The
predictor is trained using data from Bank Years, taking into
account the fluctuations that occur when firms establish bank-
firm relationships. This trained predictor is then capable
of predicting firm innovations, such as patents and R&D
expenses, without specific knowledge of bank-firm relation-
ships. Following the approach of Hirshleifer, Low, and Teoh
(2012), I exclude all firms that did not file any patents
between 2008 and 2020. To ensure the robustness of the ML-
DID approach, I conduct tests with various parameters and
features. The appendix table provides detailed information
on these features. Furthermore, I define a reduced version
of the estimator, trained on firm characteristics and macro
indicators (Xi,j,l,t), which are used in equation (4.1) for the
OLS estimator. Additional features, such as year, industry,
and city dummies, are also included in this reduced version
of the estimator.

To explore the consistency of ML-DID, I tested various
parameters and features. I defined the reduced version of the
estimator as trained on the firm characteristics and macro
indicators used in equation (4.1) for the OLS estimator.
The full version of the estimator includes 50+ features,
encompassing various characteristics of the firm. Details of
these features can be found in the appendix table. The main
challenge lies in selecting the appropriate machine learning
models. Two popular models are tested: deep neural networks
and random forest. However, upon pre-analysis, the results
from deep neural networks did not pass the Equal Error
Assumption test. Therefore, random forest (RF) is utilized
for estimation. Additionally, the issue of extreme values can
severely impact the validity of the estimates. To address
this concern, Huber weights (Huber, 1964) are used in the
second-stage estimate. This helps mitigate the influence of
outliers and ensures more robust results.

C. OLS Results

The results from equation (4.1) are presented in Table
V. This section focuses on the main proxies for corporate
innovation: R&D expenses, patent applications, and research
personnel. In columns (1) through (3), the estimates for R&D
expenses are reported. The coefficients are all negative and
statistically significant. This suggests that having a corporate
executive with a banking background has a detrimental effect
on a firm’s expenses in research and development. Moving
on to columns (4) through (6), the estimates for patent
applications are presented. Similar to R&D expenses, the
coefficients are negative and statistically significant at the
1 percent level. This indicates that a banking background

reduces the number of patent applications, which is a mea-
sure of innovation output. Similarly, columns (7) through
(9) show the estimates for employees engaged in research
and development. The negative and significant coefficients
demonstrate that a bank-firm connection can also impact the
employment levels within a firm’s research departments.

The finding of this study aligns with past literature. Yang et
al. (2021) found that financial expert CEOs have a significant
negative impact on firm innovation, and Liu et al. (2020)
found that the financial background of executive officers has
detrimental effects on innovation. It is also worth noting
that the inclusion of fixed effects has resulted in significant
changes in the estimates. This suggests the possibility of
endogeneity, indicating the need for further investigation
and consideration of potential confounding factors. Further
analysis and robustness checks are necessary to establish a
causal relationship between a corporate executive’s banking
background and a firm’s innovation outcomes.

Notes: Columns (1) through (3) reports estimate with
research and development expense as the dependent variable;
Columns (4) through (6) reports estimate with annual patent
applied as the dependent variable; Columns (7) through
(9) reports estimate with annual number of employees in
research field as the dependent variable. Columns (2), (5),
and (8) include controls, year, and industry fixed effects,
while Columns (3), (6), and (9) include controls, year,
and city fixed effects. Single-letter industry cluster standard
errors are applied to all columns except (1), (4), and (7).
Columns (1), (4), and (7) employ heteroskedasticity-robust
standard errors. All continuous variables are winsorized at
the first and 99th percentiles. The sample period covers 2008
to 2020. Estimates for the fixed effects and controls are
suppressed.

D. ML-DID Results

Table VI presents the estimates from ML-DID for patent
applications, using different architectures represented as Ar-
chitecture 1 through 10, which correspond to various param-
eter combinations. Two essential parameters of random forest
are the estimators and max depth. The former represents
the number of trees in the forest, while the latter represents
the max depth each branch of the trees can expand to. By
adjusting these two parameters, I can prevent the random
forest algorithm from overfitting or underfitting.

Panel A focuses on the estimates obtained using reduced
features to train the random forest model. Remarkably,
there is little variation across all ten architectures, indicating
that the results from ML-DID are robust and not heavily
influenced by different parameter settings. The t-statistics
for the first stage are all insignificant, suggesting that the
errors are similar between the treatment and control groups.
Moving on to Panel B, the estimates are derived using
full features to train the model. Although the estimates
are slightly higher compared to those from the reduced
version, the 95 percent confidence intervals indicate that
these estimates are still within an acceptable range. Fur-
thermore, when comparing the estimates from ML-DID to
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those in Table V (which include industry and city fixed
effects) that are approximately -0.0985 and -0.1245, it can
be observed that the estimates from ML-DID, around -0.27
and -0.29, are reasonably higher. This demonstrates that
endogeneity indeed introduces bias into the OLS results of
the relationship between commercial banking background
and corporate innovation.

To visualize the predictions, I present Figure 2 which
showcases the predicted outcome and actual outcome for
both the reduced and full versions. In Panel A and Panel C,
a notable issue arises with extreme values, where the actual
values are significantly larger compared to the predicted
values at the extreme end. Huber regression is employed to
address this issue, which tends to be more efficient and valid
than ordinary least squares regression in such contexts.

Moreover, the estimated values derived from the predic-
tions generally show higher figures overall compared to the
actual values. This implies that companies led by executives
with a background in commercial banking tend to have fewer
patent applications compared to firms whose executives lack
such a background. On the other hand, Panel B and Panel D
present a clear depiction of the estimated values for the initial
100 observations. The predicted and actual values display
similar patterns, although the predicted values remain slightly
higher than the actual ones.

Table VII displays the estimates for R&D and Person-
nel. All of these estimates are negative and statistically
significant, meeting the requirement of the Equal Error
Assumption. The coefficients for R&D are quite similar to
those obtained from the fixed effect regression in Table
IV. It is important to note that ML-DID excludes all the
observations from the control group (firms with no bank-
firm connections throughout the entire sample period), and
still yields consistent estimates as ones from OLS, suggesting
that the estimates are reliable. Both the reduced and full
models produce estimates of similar magnitude, as indicated
by the confidence intervals.

Finally, an important advantage of machine learning meth-
ods is the estimation of individual treatment effects—that
is, researchers could identify how the treatment effect is for
each individual firm-year observation. Figure 4 demonstrates
such individual treatment effects for Patent. Due to the large
number of observations, only the first 200 observations are
shown in the graph. Blue dots represent the actual values for
Patent for a firm that possesses executives with commercial
banking backgrounds, while orange dots represent the pre-
dicted values. Two dots with a grey line connecting them are
from the same firm-year observation. As shown by the box
plot, the median value of the predicted is higher than the
median value of the actual values, indicating that banking
background has a negative effect on patent applications. A
similar trend is observed for R&D expenses and research
personnel, which can be found in the Online Appendix
Figure 2.

V. ROBUSTNESS TESTS

I perform a series of rigorous tests to assess the robustness
of the baseline results. The objective is to minimize the
impact of endogeneity by employing traditional economet-
ric methods such as substituting dependent variables and
propensity score matching. The results reveal that companies
led by executives with a banking background continue to ex-
hibit a lower rate of innovation. These findings strengthen the
validity of the initial results and provide additional evidence
for the negative relationship between a corporate executive’s
banking background and firm innovation outcomes.

A. Citation, R&D per Person, and Patent Shocks

To further validate the baseline findings, I incorporate
additional dependent variables that serve as indicators for
corporate innovation. By testing the results using different
specifications, as presented in Table VIII, I observe that all
coefficients are statistically significant at a 1 percent level.
This indicates that our model and results remain robust across
various model specifications.

It is also important to highlight that, like how a banking
background can decrease patent applications, it can also lead
to a reduction in citations. This suggests that a corporate
executive’s banking background may have a broader impact
on various aspects of firm innovation, influencing not only
the quantity of innovation output but also its recognition
and acknowledgment in the academic and research commu-
nity. These additional findings further support the negative
relationship between a banking background and corporate
innovation.

B. Propensity Score Matching

To address the potential impact of self-selection bias on
the regression results, I employ propensity score matching
using two specifications with nearest neighbor matching.
The propensity scores are calculated by estimating first-stage
probit regressions that include all relevant controls and fixed
effects.

In columns (1), (3), and (5) of the analysis, I present the
results with three matches per observation, while columns
(2), (4), and (6) display estimates with six matches per
observation. Despite these variations, the results remain
statistically significant at a 1 percent level. This suggests that
the relationship between a banking background and corporate
innovation is not solely driven by endogenous factors. The
propensity score matching technique helps mitigate potential
self-selection bias and provides additional support to the
robustness of the findings regarding the negative association
between a corporate executive’s banking background and
firm innovation outcomes.

VI. ADDITIONAL ANALYSIS

To further study the underlying factors that contribute to
the relationship between commercial banking background
and corporate innovations, I partition my sample in two
different ways: by industrial competition and by financial
constraints.
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A. Industrial Competition on Banking Background and In-
novation’s Relationship

The relationship between corporate executives’ banking
background and corporate innovation may be influenced
by the level of industrial competition. In industries with
higher competition, there is often a greater emphasis on
innovation to gain a competitive advantage. Aghion (2005)
argues that competition and innovation have an inverse-U
relationship, where lower levels of competition are associated
with lower levels of innovation. Based on this, I propose the
hypothesis that the negative impact of corporate executives’
banking background on innovation will be more pronounced
in industries with lower levels of competition.

Table X displays the results of the role of industrial
competition on the relationship between banking background
and corporate innovation. Significantly larger coefficients
are found among those less competitive industries with low
concentration ratios.

B. Financial Constraint on Banking Background and Inno-
vation’s Relationship

Financial constraints can also have a strong impact on
the relationship between innovation and banking background.
Firms with severe financial constraints might experience a
greater reduction in innovation compared to those without
such constraints. Table XI presents the results. When com-
paring the lower 25 percent of firms with less financial con-
straints to those with strong financial constraints, the latter
group shows a statistically significant negative coefficient,
indicating a more pronounced detrimental effect of a banking
background on innovation for financially constrained firms.
This finding suggests that financial constraints play a crucial
role in influencing the relationship between a corporate ex-
ecutive’s banking background and firm innovation outcomes.

C. Number of Banking Backgrounds on Corporate Innova-
tion

Table XII presents regressions with BankNumi,j,l,t as
the explanatory variable, which indicates the number of
executives with a banking background possessed by a firm.
All coefficients are negative and significant, indicating that
as the number of executives with a banking background
increase, there is a greater reduction in corporate innovation.
This finding suggests that having a higher proportion of
executives with banking backgrounds in a firm is associated
with a more pronounced negative impact on innovation
outcomes. Thus, the presence of multiple executives with
banking backgrounds may exacerbate the detrimental effect
on corporate innovation.

VII. CONCLUSION

This paper delves into the relationship between corporate
executives’ commercial banking background and corporate
innovation and uncovers a statistically significant negative
relationship, indicating that firms led by executives with a
banking background exhibit reduced innovation outcomes.

One of the critical contributions of this paper lies in
its focus on the nuance of the banking background on
corporate innovation, specifically emphasizing commercial
banking backgrounds. By delving into this aspect, the study
sheds light on how low industrial competition and high
financial constraints can strengthen the observed relation-
ship, providing valuable insights primarily overlooked in the
existing literature on executive backgrounds. Moreover, the
paper proposes and develops a novel machine learning frame-
work akin to the difference-in-differences approach to tackle
endogeneity issues and omitted variable bias, enhancing the
credibility of the findings. Despite its contributions, the study
acknowledges certain limitations. One notable limitation is
the need for a comprehensive theoretical foundation for the
ML-DID method used in the analysis. This points to an
avenue for further research and refinement of the proposed
framework.

The findings have implications for policymakers and cor-
porate governance practices. Understanding the effects of
corporate executives’ banking background on innovation can
offer valuable guidance to policymakers seeking to foster
and promote innovation within firms. The insights from this
study can inform policy decisions aimed at encouraging a
diverse set of executive backgrounds, which may positively
impact innovation and overall firm performance.
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Fortune Favors the Bold: Impact of International Knowledge
Transfer on Economic Growth
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Abstract— Why do some poor countries exhibit rapid
economic growth while others do not? Traditional growth
models, which rely on factors of production, theorize
that there will be economic convergence since there are
diminishing returns to input growth, yet empirical evidence
exists both for and against this theory. In this paper, I
research the extent to which knowledge growth drives
economic growth. In particular, since knowledge can be
transferred between countries cheaper than traditional
inputs like raw goods or labor, embracing change can
be instrumental towards growth. I develop a model of
economic growth as a function of domestic knowledge
growth and international knowledge sharing. I then show
that under this model, there is economic convergence.
I test my theory with worldwide developmental data.
Finally, I conclude that absolute and conditional economic
convergence has been observed in the past 30 years.

I. INTRODUCTION

The various efforts to reduce global income inequality
have led to many multilateral initiatives to aid devel-
opment and fight poverty. Of course, there have been
many approaches to addressing this disparity, and growth
economics offers an unusual perspective: Do nothing
and inequality will fix itself. Many popular development
models, such as the Solow growth model, predict that
lower income countries will experience faster growth
than their wealthier counterparts. This phenomenon is
known as economic convergence.

Despite the prominence of economic convergence
within popular growth models, the observed growth
patterns of countries do not necessarily indicate the
same conclusions. While there are cases of convergence,
such as the rapid growth of South Korea in the later
20th Century (Figure 1), in other cases, countries fail
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thesis. His guidance and support have been invaluable in helping me
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insights. Their feedback and suggestions have been instrumental in
helping me develop my research. Finally, I would like to thank my
family for their unwavering support in my academic pursuits. Their
love and encouragement have been a constant source of strength
throughout this journey. I am grateful for their belief in me and for
always being there to provide me with the support I needed.

Fig. 1: Real GDP per capita in modern dollars between
France and South Korea, 1960–2021

to experience fast growth, and sometimes even grow at
a slower rate than their wealthier counterparts, such as
Zimbabwe during the same time period (Figure 2).

Fig. 2: Real GDP per capita in modern dollars between
France and Zimbabwe, 1960–2021

This paper will look at why some countries follow
convergence trends while others do not. Particularly,
it will investigate the role knowledge growth within a
country and knowledge transfer between countries has
on economic growth.

II. LITERATURE REVIEW

Neo-classical growth theory has largely supported
economic convergence. A growth model introduced by
Solow (1956), and extended upon by Cass (1965), pro-
posed that income convergence occurs because there are
decreasing returns to growth in the factors of production.
In this model, there is an optimal capital to labor ratio
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that leads to a steady state growth. Countries further
from that ratio, i.e. poorer countries, grow faster and
growth slows down the closer countries are to this
optimal ratio. On the other hand, endogenous growth
theories proposed that there will actually be a divergence
in income (Romer 1994). Wealthier nations are able to
invest more in human capital, leading to higher levels of
growth in human capital and subsequently the national
income.

Empirical research has also been split on the issue
of economic convergence. Earlier studies have shown a
lack of convergence and, in some cases, a divergence in
the national income. Barro (1991) studied countries from
1960-1985 and showed that there was weak divergence,
and Pritchett (1997) showed that there was strong diver-
gence during the period of 1870-1990, where the ratio
of per capita income between the richest and poorest
countries increased by a factor of five. Conversely, in
one study using data since the 1990s, Kremer, Willis,
and You (2021) showed a trend towards convergence
since 1990 as well as convergence since 2000, with both
a slowdown in growth at the frontier as well as faster
catch-up growth.

Because of the lack of clear evidence on convergence,
empirical research has focused on the factors of steady
state income, the level of income associated with a coun-
try effectively optimizing its resources like labor or capi-
tal. Barro and Sala-i-Martin (1992) found that economies
further away from the steady state income level grew at
a faster rate. Moreover, their research also found support
for conditional convergence, which is a weaker form of
convergence. When looking for conditional convergence,
the researchers hold constant a set of variables that proxy
for differences in characteristics that determine steady-
state income. Some factors that researchers would look
to account for differences in would be the difference in
culture or level of technology. In another study, Evans
and Karras (1996) also found that there was conditional
convergence in the 48 contiguous U.S. states as well as
in a group of 54 countries.

Culture is a crucial determinant in a steady state
equilibrium, and as such, many researchers have tried
to model its role in development. The role of culture
has been modeled by Boyd and Richerson (1985) and
Rogers (1988). In these models, there are infinite periods
in a game where there is a certain probability that
the state of the world changes from period to period.
The payoff of an action depends on the state of the
environment. Individuals can choose to follow the tra-
dition of the previous generation or incur a learning
cost to discover the true state of the world. If the
action matches the correct state of the world, the agent
receives a payoff, β. Because learning is costly, the
model shows that there are certain benefits of having

culture over pure rationality. Giuliano and Nunn (2021)
derive a general equilibrium where there is a certain
proportion of traditionalists depending on the cost of
learning. They do this by deriving payoffs for being fully
non-traditional and having some level of traditionalism.
Formally, by treating the environment as an infinite
period game, the payoffs can be written as

πT =
β(1− x)(1−∆)

1− x(1−∆)
;πNT = β −K.

In this scenario, the optimal choice is to forego some
level of learning and stick to historical knowledge to
save on costs. Nunn (2021) extends upon this model to
include a country’s level of technology within its profit
function. Particularly, Nunn formalizes the arguments of
Mokyr (2018) on the relationship between the level of
technology, , level of traditionalism, x, and probability
of the state changing, ∆, by adding the following
requirements to the model:

(i)∆(x),∆′(x) < 0;

(ii)
µ̇

µ
(x),

µ̇′

µ
(x) < 0;

(iii)∆

(
µ̇

µ
(x)

)
,∆

(
µ̇′

µ
(x)

)
< 0.

From the inclusion of technology, Nunn concluded the
following payoff function for being traditional, πT , and
non-traditional, πNT , are

πT = µ+
β(1− x)(1−∆)

1− x(1−∆)
;πNT = µ+ β −K.

Nunn also gave a representation of ∆, where ∆ can
be defined as 1 − ∆(x) = xθ for θ ∈ 0, 1, which
satisfies the aforementioned requirements. By plugging
in this definition for the level of technology and solving
for the optimal level of traditionalism, Nunn concluded
two equilibria within the model: all traditionalists or no
traditionalists.

Another factor of economic growth that has been
studied is the development of technology. Jones (2021)
explores the context of combinatorial growth with the
draw of new ideas coming from a Weibull distribution.
Using a thin-tailed distribution, Jones encapsulates the
idea that it is easy to come up with a bad idea but hard to
come up with good ones. In this environment, for each
period, t, a country has a set of ingredients, N , that it
can use to create new recipes. The number of ingredients
that can be evaluated at each period is given by

Ṅt = αRλ
t N

ϕ
t , ϕ < 1

where Rt is the number of researchers such that the
number of researchers plus the number of laborers
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equals to the total population. Furthermore, Jones de-
rived a constant asymptotic growth rate for N such that

gN ≡
Ṅt

Nt
=

αRλ
t

N1−ϕ
t

=
λgL
1− ϕ

where gL is the rate of population growth.
Now let ZK be the maximum value from K number

of draws from a thin-tailed distribution, which represents
the best recipe available. As the population grows, there
are more researchers so there are more chances to create
new recipes, and K increases. Particularly, Jones derived
the relationship between the growth of ZK , gZ ; the
growth of K, gK ; and gN as

gZ ≡
ŻKt

ZKt
=

glogK

β
=

gN
β

(1)

where β is a parameter that governs the thinness of
the tail of the distribution. Subsequently, the growth in
output per capita, gy , is defined as

gy = gZ =
1

β

λgL
1− ϕ

.

Previous literature has largely revolved around the move-
ment of factors of production (neoclassical growth), the
movement of human capital (endogenous growth), or
the growth in technology (combinatorial growth). In the
remainder of this paper, I will look at the role of the flow
of knowledge in economic growth, and in particular,
how the transfer of knowledge between countries affects
each country’s economic growth. I will first outline
my general model. I will then analyze the model in
instances of one country, two countries, and a continuum
of countries. Afterwards I will explain the data and
empirical framework I will use to explore my model
using historical data. Finally, I will discuss the results
I concluded in my empirical research and relate it back
to my theoretic model.

III. MODEL

We will now combine Nunn’s and Jones’ frameworks
to create a new model that defines a country’s payoff for
a given period as a function of its level of traditionalism,
level of technology, and the level of technology of other
countries. Using these inputs, this model will encapsu-
late the idea that there is both internal knowledge growth
and a flow of knowledge from one country to another.
The model also captures that the level of knowledge
within a country is a key factor in the utility or payoff of
a country, similar to how human capital plays a key role
in endogenous growth theories. First consider Nunn’s
framework of the role of culture. For each period, t,
each country, i, has a certain proportion of traditionalists,
xit ∈ [0, 1]. Now consider the combinatorial growth
environment in Jones (2021). For each period, there are

Nit number of ingredients available for each country
to build with. The level of traditionalism determines
how “risky” the researchers in Jones’ environment are
willing to be in utilizing novel technologies at period t.
Therefore, the number of ingredients evaluated at each
period t is

Ṅit = αR
λ(1−xit)
it .

Following Jones’ derivation,

Ṅit

Nit
=

αRit

N1−ϕ
it

and then

gN ≡
Ṅit

Nit
=

λ(1− xit)gL
1− ϕ

Plugging this definition of gN into Jones’ equilibrium
(eq. 1), there is the result that the output per capita
growth rate in this environment is

gyit
=

1

β

λ(1− xit)gL
1− ϕ

.

Furthermore, let there be multiple countries where each
one is trying to maximize its per period payoff. Each
country can choose to be fully non-traditional and
choose to pay some sum k to re-learn everything and
get a guaranteed payoff

πNT
it = µit + yit − kit

for some technology level, µ, that satisfies the restric-
tions outlined in Nunn’s environment, output per capita,
y, and non-trivial cost, k.

Each country can also choose a level of traditionalism,
xit. In this case, the partial payoff at each period t related
to country i’s chosen level of traditionalism would be

πT
it = µit +

yit(1− xit)(1−∆t)

1− xit(1−∆t)

for some technology level, µ, that satisfies the restric-
tions outlined in Nunn’s environment, output per capita,
y, and probability of the state of the world changing,
∆ ∈ (0, 1), that also satisfies the restrictions outlined in
Nunn’s environment.

Now consider that when a country chooses some
level of traditionalism, it can not only rely on its own
knowledge, but also knowledge from other countries.
The total payoff is then a function of its technology
level, output per capita, and relative technology factor

πT
it = µit+

yit(1− xit)(1−∆t)

1− xit(1−∆t)
+(1−xit)

∑

j ̸=i

(µjt−µit)
2.

The second-degree difference between technologies rep-
resents the idea that countries at the extremes benefit
the most from exchanging information. Countries at the
lower extreme are able to play catch up with more
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modern technologies, while the countries at the higher
extreme benefit from being able to create the next
invention that is most compatible with their current
cookbook. In contrast, countries at the middle of the
technology spectrum cannot learn from those who are
less advanced and might have different, but compa-
rable in technological level, ingredients to their more
advanced counterparts so they cannot build the new
technologies without having to first replace their current
ingredients.

One representation of µ is ZK , the best ingredient
available to a country, found in Jones’ environment,
where

µit ≜ ZKit

satisfies the restrictions on µ and ∆ in Nunn’s envi-
ronment. Moreover, using Nunn’s representation of ∆,
1−∆(x) = xθ for θ ∈ 0, 1, the payoff for traditionalism
can then be written as

πT
it = ZKit+

yit(1− xit)x
θ
it

1− xθ+1
it

+(1−xit)
∑

j ̸=i

(ZKjt
−ZKit

)2.

A. One Country

First look at the scenario where there is only one
country. In this environment, {ZKj

: j ̸= i} = {ϕ}
since there is only one country. Therefore, the relative
technology factor can be rewritten as

∑

j ̸=i

(ZKjt − ZKit)
2 = 0

and

πT
it = ZKit

+
yit(1− xit)x

θ
it

1− xθ+1
it

.

Now solve for the optimal level of traditionalism in this
environment. The derivative of the payoff function with
respect to traditionalism is lower bounded by

∂

∂xit
πT
it > 0 (2)

for all xit ∈ (0, 1) and θ ∈ (0, 1).
Thus, the optimal level of traditionalism to optimize

payoff is xit as close as possible to 1. Assuming kit is
in a range where neither πT

it or πNT
it is dominant for all

values of xit. Then, the optimal decision for maximizing
payoff would be to either be non-traditional or choose
to be fully traditional.

Now look at the growth of the payoff. Following the
definitions of growth in Jones’ paper, the growth rate of
the payoff is

gπit
=

1

β

λgL
1− ϕ

(1− xit) +
1

β

λgL
1− ϕ

(1− xit)
2xθ

it

xθ+1
it

(3)

where for xit ∈ [0, 1], gπit
is maximized for some xit ∈

(0, 1).

Thus, by optimizing for the optimal return and choos-
ing a level of traditionalism at 0 or 1, countries are
growing at a sub-optimal rate.

B. Two Countries
In the context of two countries, there is a singular

relative technology factor term so

πT
it = ZKit +

yit(1− xit)x
θ
it

1− xθ+1
it

+(1−xit)(ZKjt−ZKit)
2.

In this environment, solving for the optimal level of
traditionalism gives the following derivative
∂

∂xit
πT
it =

1

(1− xθ+1)2

[
yit(1− xθ+1)(θxθ−1 − (θ + 1)xθ)

+ yit(1− x)xθ(θ + 1)xθ
]
− (ZKjt

− ZKit
)2.

There are two scenarios depending on the relative tech-
nology factor. If the relative technology factor is small,
then the optimal decision is to be fully traditional or
non-traditional, similar to the one country case, which
leads to sub-optimal growth. On the other hand, if the
relative technology factor is sufficiently large, then the
optimal decision is to choose a level of traditionalism
x ∈ (0, 1).

Formally, we can describe these scenarios as for

(ZKjt
− ZKit

)2

< lim
a→1

1

(1− aθ+1)2

[
yit(1− aθ+1)(θaθ−1 − (θ + 1)aθ)

+ yit(1− a)aθ(θ + 1)aθ
]

The same results hold for the two-country scenario as
in the one-country scenario, particularly

∂

∂xit
πT
it > 0 for all xit ∈ (0, 1), θ ∈ (0, 1). (4)

On the other hand, for

(ZKjt
− ZKit

)2

> lim
a→1

1

(1− aθ+1)2

[
yit(1− aθ+1)(θaθ−1 − (θ + 1)aθ)

+ yit(1− a)aθ(θ + 1)aθ
]

there is the result that

there exists a ∈ (0, 1) such that
∂

∂xit
πT
it(a) = 0 (5)

so there is a maximum payoff achieved for some mixed
level of traditionalism.

Now, looking at the growth of the payoff. We have
the following growth term

gπit
=
1

β

λgL
1− ϕ

(1− xit) +
1

β

λgL
1− ϕ

(1− xit)
2xθ

it

1− xθ+1
it

+ 2(1− xit)(ZKit
− ZKjt

)
1

β

λgL
1− ϕ

(xit − xjt).
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When adding a country, the growth rate of a particular
country is also dependent on the attributes of the other
country. Under certain conditions for the relationship
between one country’s level of technology and tradi-
tionalism and their peer’s levels, there is a guarantee of
positive growth. Formally, there is positive growth when

(ZKit − ZKjt)(xit − xjt) > −1/2. (6)

Generally, countries that lack significantly in their level
of technology to their peers would need to be more
traditional than their peers in order to maintain posi-
tive growth. Also under this condition, the growth rate
behaves similarly to its counterpart in the one-country
scenario. Particularly, the growth rate is maximized for
x ∈ (0, 1).

When the condition is not satisfied,

gπit(0) < 0. (7)

This does not preclude the growth rate from becoming
positive for some value of traditionalism. As shown in
the proof for (7), the change in growth rate at xit = 0
approaches infinity regardless of the condition. So, the
growth rate does increase for initial increments of the
level of traditionalism, but it might not increase enough
for the growth rate to ever become positive.

C. Multiple Countries

To generalize the model from two countries to mul-
tiple countries, assume that there is a continuous distri-
bution of technology levels such that ZK ∈ (0, 1). Let
P represent the distribution of ZK and p(ZK) be the
density function of P . Then, the payoff for country i
during period t for being traditional is

πT
it =ZKit

+
yit(1− xit)x

θ
it

1− xθ+1
it

+ (1− xit)

∫ 1

0

(ZKjt
− ZKit

)2dP (ZKjk
).

Like the case with two countries only, the payoff func-
tion in the multiple-country scenario depends on the
relative technology factor. When the relative technology
factor is small
∫ 1

0

(ZKjt − ZKit)
2dP (ZKjk

)

< lim
a→1

1

(1− aθ+1)2

[
yit(1− aθ+1)(θaθ−1 − (θ + 1)aθ)

+ yit(1− a)aθ(θ + 1)aθ
]

and the one-country conclusions still hold, particularly

∂

∂xit
πT
it > 0 for all xit ∈ (0, 1), θ ∈ (0, 1).

Moreover, following the same derivation as the case for
the two-country scenario. When
∫ 1

0

(ZKjt
− ZKit

)2dP (ZKjk
)

> lim
a→1

1

(1− aθ+1)2

[
yit(1− aθ+1)(θaθ−1 − (θ + 1)aθ)

+ yit(1− a)aθ(θ + 1)aθ
]

there is also a similar result in that

there exists a ∈ (0, 1) such that
∂

∂xit
πT
it(a) = 0.

Now looking at the growth rate in the multiple-country
scenario,

gπit
=
1

β

λgL
1− ϕ

(1− xit) +
1

β

λgL
1− ϕ

(1− xit)
2xθ

it

1− xθ+1
it

+ 2(1− xit)
1

β

λgL
1− ϕ

(xit − xjt)

·
∫ 1

0

(ZKjt
− ZKit

)(xit − xjt)dP (ZKjk
).

The results for the growth rate in the multiple-country
scenario are also similar to the two-country scenario, but
because of the presence of multiple countries, it differs
in that now there is a change in distribution of ZKjt ,
whereby denote the change in the density function as p′t
. Similar to the derivation in the two-country scenario,
there is still a necessary condition to guarantee positive
growth where
∫ 1

0

(ZKjt
− ZKit

)(xit − xjt)dP (ZKjk
) > −1/2.

When the condition is not satisfied, there is the same
result that the growth rate is not guaranteed to be positive
since

gπit
(0) < 0

Likewise, this scenario does not mean a failure of the
condition leads to a negative growth rate for all values of
traditionalism. The growth rate still increases for initial
increments of the level of traditionalism, but as before, it
might not increase enough for the growth rate to obtain
a positive value.

IV. EMPIRICAL SETUP

A. Empirical Model

There are three relationships between growth, tradi-
tionalism, denoted by T, and relative technology factor,
denoted by RT, that are tested for in the historical data.
According to the model:

1) Countries at the extremes of the level of technology
should have a lower level of traditionalism;

2) Countries at the extremes of the level of tradition-
alism should grow at a slower rate;
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3) Countries with a lower relative technology factor
should grow at a faster rate.

Since there will be time series data across multiple
countries, the empirical model will also be using country
and year fixed effects, denoted by FE, to compare the
effects of the exogenous variables across time periods
and countries. For (1), the empirical model regressed
relative technology on traditionalism. For practicality
purposes, the relationship is generalized as a quadratic
function, which captures the idea that the level of
traditionalism is the highest in the middle values and
decreases with movement towards either direction. So,
Regression 1 is as follows:

Tit = β0 + β1 ·RTit + β2 ·RT 2
it + FE.

For (2) and (3), the empirical model regressed the growth
in GDP on traditionalism and relative economy. Fol-
lowing the model, the model used a linear relationship
between the relative technology factor and growth. For
traditionalism, the model also uses a quadratic function
to generalize the relationship. Formally, Regression 2 is
as follows

Growthit = β0 + β1 · Tit + β2 · T 2
it + β3 ·RTit + FE.

B. Data
I used data from the World Bank on literacy rates

and GDP per capita. Using literacy rates, I proxied the
level of traditionalism a country has as a proportion of
male literacy to female literacy, where a more traditional
country would have a higher ratio. I chose to use the
ratio of literacy rates because more traditional countries
are less motivated to address the literacy gap between
their male and female populations. Therefore, the ratio
of literacy rates is a good representation of the level
of traditionalism for a country. Traditionalism in this
context has been seldom studied. This particular mea-
sure of traditionalism can also be correlated to poverty
as wealthier countries are more able to educate their
female population. Thus, I will be using the percent
of population under the poverty headcount of $2.15
a day as a robustness check for this result. I also
took the difference between each country’s GDP per
capita to the mean GDP capita at that time period as
a measure of the relative technological level of each
country. I chose to use GDP per capita as a measure
for technology because countries with higher levels of
technology have more efficient tools, effective processes,
and streamlined organizational structures that should
allow them to produce more with the same labor force. I
also used GDP per capita at a specific time period as the
total payoff a country receives per time period. I chose
this measure because of the many factors considered by
policy makers, not only is it the most accessible, but it
is also one of the most important factors considered.

For my data collection process, I chose three time
periods to measure the growth between, 1990, 2000, and
2010. While there is extensive GDP per capita data for
every country in these time periods, the literacy data
is less complete. Thus, because of insufficient literacy
data, I averaged literacy data from 1986-1995 for 1990,
1996-2005 for 2000, and 2006-2015 for 2010. I did
this because even if there were changes to the literacy
rates, the changes would need time to take effect so the
difference in literacy rate year over year should be pretty
stable. Thus, averaging between a small window should
not have a major effect.

V. RESULTS

In this section, the results of Regression 1 will be
discussed first, followed by the results of Regression 2.
Finally, there will be a discussion on the limitations in
the empirical strategy that might impact the results and
provide alternatives for future works.

A. Regression 1

In Figure 3, I provide the results for Regression 1. In
both a linear and quadratic setting, there is no statistical
significance in the results. Thus, while I cannot say there
is no relationship between the level of traditionalism and
the relative technology factor, there is no evidence for
the presence of a relationship.

Moreover, there is an argument that the relationship
between the relative technology factor and level of tradi-
tionalism in fact does not exist. In the model, there is the
assumption that for each period, every country is maxi-
mizing its current payoff. Under this assumption, there
is the result that countries with a high or low relative
technology factor will satisfy the condition where the
maximum payoff is for a mixed level of traditionalism.
For countries that have a middling relative technology
factor, the maximum payoff is to be fully traditional.
There are two potential issues that could make this not
a plausible assumption. First, countries are not required
to take a near-sighted view of the current payoff. In fact,
there are many examples of countries taking a forward-
looking approach towards policy making, such as the
various climate pledges made by different countries to
be carbon neutral by certain future dates. Second, the
model only accounts for two main aspects: the level
of technology and a measure of expected payoff per
capita. While these are two important components of
the policy making process, there are a plethora of other
variables that are not accounted for that might have some
influence on policy makers. Thus, there could be parts
of the story that are not told by this model that would
lead to differing results when looking at historical data.
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Fig. 3: Regression results of Regression 1

B. Regression 2

The results for Regression 2 are in Figure 4. As
expected in the model, there is a negative linear relation-
ship between the relative technology factor and growth.
Moreover, this result is statistically significant with and
without the traditionalism term. Thus, countries that are
more advanced generally grow at a slower rate than their
peers. Importantly, by using real GDP per capita in the
calculation for the relative technology factor, this result
shows the existence of convergence. Countries with a
higher relative technology factor are represented in the
data by countries that have a significantly higher real
GDP per capita than the mean during the specific time
period. Whereas countries with a low relative technology
score are those with a significantly lower real GDP per
capita than the mean. The negative linear relationship
implies that countries that have weaker economies expe-
rience faster growth than those with stronger economies,
and so leading to the desired convergence result. Fur-
thermore, since the coefficient for the relative technol-
ogy factor is negative and significant with and without
the traditionalism variable, this regression indicates the
presence of both conditional and absolute convergence.

Fig. 4: Regression results of Regression 2

Moreover, the coefficients for traditionalism also char-
acterize the model’s prediction, which is that countries
at the extreme levels of traditionalism should grow
at a slower rate. In the case of a linear relationship
between traditionalism and growth, there is no statistical
significance. Instead, when I regressed using a quadratic

relationship between traditionalism and growth, both
the first-degree and second-degree polynomial terms are
statistically significant. This result highlights the curved
nature of this relationship. In the linear case, there was a
model misspecification leading to no significance in the
result. In the quadratic case, the model was close enough
to the specification of the real relationship to pick up on
a significant result. Thus, even if the relationship isn’t
exactly a quadratic, as we used a quadratic in this test
to simplify the regression, it follows some kind of shape
similar to a quadratic relationship. Moreover, the coeffi-
cient on the two traditionalism terms also characterizes
the modeled shape for the quadratic relationship. The
first-degree polynomial is positive, whereas the second-
degree polynomial is negative. Together, these two terms
form a concave function, which matches the model
prediction of a higher growth rate for the middling levels
of traditionalism.

C. Limitations

There are some limitations to the empirical setup and
data collection methodology that could have affected the
results. In the empirical setup, any convex relationship
in the model was generalized as a second-degree polyno-
mial. While the second-degree polynomial possesses the
desired properties, the model itself is not defined by a
second-degree polynomial. This would reduce the fit of
the model onto the data as the model being fitted is not
the right shape, albeit being similar. On the other hand, it
might also be easier to fit a second-degree polynomial to
the data instead of a more complex relationship because
of the limited sample data used. There might not be
enough data points to draw statistically significant results
using a more complicated model.

Another potential issue is the choice of proxies.
There is no defined empirical measure of traditionalism.
For the time period of this empirical analysis, more
traditional or conservative cultures were less motivated
to teach literacy to their female population. However, if
this were not the case, then no conclusion can be drawn
for the relationship between traditionalism and growth
since the proxy, ratio between male and female literacy
rates, would then not be correlated with traditionalism.
Similarly, there is no measurable statistic for a country’s
level of technology. The intuition behind using real
GDP per capita is that a more technologically advanced
country would be able to produce more with the same
level of population. An issue with this is that some
productions are more labor intensive, so if a country
specializes in something that requires a lot of labor for
less production, it might reflect negatively on its relative
technological score. In such a case, the empirical model
would believe that the country specializing in the more
labor intensive product as having lower technology be-
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cause its production per capita would be lower. Then, the
conclusion would instead be that countries specializing
in more labor intensive products grow at a faster rate.
In the future, more research could be done on using a
more technology-based rating.

Finally, there could be an issue with GDP per capita
appearing in the calculation of both the growth rate and
the relative economy. This is the most concerning of the
limitations because there would be a negative bias on the
results for relative economy since if all else were equal,
a lower GDP per capita would lead to a lower relative
economy and higher growth. A more technology-based
proxy for the relative level of technology would help
amend this issue as well.

VI. CONCLUSION

In this paper, I analyzed the economic convergence
debate through the lens of knowledge growth and flow
of knowledge between countries. Building upon pre-
vious literature in growth economics, I formulated a
growth model that relates the economic growth of a
country to its relative level of technology and level of
traditionalism. Using this model, I drew three major
conclusions, which I then tested using historical data
from 1986-2015. This model provides a framework for
addressing income inequality. Particularly, I argue that
economic convergence exists, but sometimes a country’s
willingness to accept novel ideas inhibits their ability to
leverage the vast amount of knowledge already learned
by other countries to grow at a faster rate. Here, technol-
ogy doesn’t necessarily need to strictly refer to what we
commonly consider as high-tech, such as faster comput-
ers or more accurate models. Technology can also refer
to how we do things, like various organizational systems
to manage a company or an assembly line or different
institutions that define how society operates. Take the
case of South Korea and Zimbabwe. One could argue
that South Korea took extensive lengths to modernize,
and adapt the institutions and technologies of modern
countries, particularly democratic ones, whereas Zim-
babwe hasn’t experienced the same modernization. From
the model in this paper, I would argue that Zimbabwe’s
failure to adapt to modern institutions and technologies
inhibited their convergence.

Another piece of the puzzle that could be interesting
to look at would be some factor of willingness to
exchange information. In the model described in this
paper, countries are allowed to learn from each other as
long as they are willing. However, sometimes countries
are reluctant to help each other, such as when countries
in an alliance are not as willing to share information to
those not in the alliance. In my model, this reluctance to
share can be accounted for by giving a country a higher
traditionalism level if other countries are not willing to

work with a specific country, but there could be value
in modeling this interaction explicitly too.

Moreover, this research can be used in other fields
beyond just economic growth. For example, if each
country is seen instead as a company, then a parallel
model can be made for company growth as opposed to
country growth. In this scenario, the level of technology
can be intellectual property of the company, both in
terms of how much IP a company has and how advanced
the IP is. In this case, traditionalism would be a measure
of how willing a company would be to invest in new
technologies or processes. While there would need to
be adjustments made to the model, since there are many
times more companies than countries and many of them
fail, there could be interesting results from analyzing the
life cycle of a company using a parallel to traditionalism
and relative technology factor. One such adjustment
would be that companies cannot directly gain knowledge
from other companies. However, they are able to observe
both the choices of other companies and the correspond-
ing results. One example would be the development
of smart phones. Rival companies frequently “steal”
features based on how popular a new release is.
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APPENDIX

PROOF OF (2)

To show this result, first note that

y > 0 and (1− xθ+1
it )2 for all xit ∈ (0, 1), θ ∈ (0, 1)

and
(1− xθ+1)(θxθ−1 − (θ + 1)xθ) + (1− x)xθ(θ + 1)xθ = θxθ−1 − xθθ + x2θ.

Note that x ∈ (0, 1) so it suffice to factor out an xθ and find a lower bound on

f(x) = θx−1 − θ − 1 + xθ.

There are the following properties of f(x): it is continuous for x ∈ (0, 1), lima→0 f(a) = 1 for x = 0, f(x) = 0
for x = 1, and f(x) ̸= 0 for all x ∈ (0, 1). Under the intermediate value theorem, if f(x) < 0 for some x ∈ (0, 1)
then for some y between 0 and 1, f(y) = 0, which contradicts one of the properties of f(x). Therefore, f(x) > 0
for all x ∈ (0, 1).

PROOF OF (3)

To achieve this result, note that gπit is continuous for x ∈ [0, 1] where gπ(0) ≥ 0 and lima→1 gπ(a) = 0. Now,
to show that the growth rate is maximized for x ∈ (0, 1), there exists a ∈ (0, 1) such that gπ(a) > gπ(0) since
there is already gπ(0) ≥ lima→1 gπ(a). To show this, take derivative of the growth function as

∂

∂xit
gπit

=− 1

β

λgL
1− ϕ

+
1

β

λgL
1− ϕ

[ (1− xθ+1
it )(θxθ−1

it (1− xit)
2 − 2(1− xit)x

θ
it)

(1− xθ+1
it )2

+
()1− xit)

2xθ
it(θ + 1)xθ

it

(1− xθ+1
it )2

]

Focusing on

(1− xθ+1
it )(θxθ−1

it (1− xit)
2 − 2(1− xit)x

θ
it)

(1− xθ+1
it )2

+
(1− xit)

2xθ
it(θ + 1)xθ

it

(1− xθ+1
it )2

=
(1− xθ+1

it )(θ(1− xit)
2 − 2(1− xit)x

θ
itx

θ−1
it )

(1− xθ+1
it )2xθ−1

it

+
(1− xit)

2xθ
it(θ + 1)xθ

it

(1− xθ+1
it )2

=
(1− xθ+1

it )(1− xit)(θ(1− xit)− 2xit) + (1− xit)
2xθ+1

it (θ + 1)

(1− xθ+1
it )2xθ−1

it

where
(1− xθ+1

it )(1− xit)(θ(1− xit)− 2xit) + (1− xit)
2xθ+1

it > 0

for xit ∈ [0, θ/(θ + 2)) and
(1− xθ+1

it )2x1−θ
it > 0

for xit ∈ (0, 1). Therefore,

lim
a→0+

∂

∂xit
gπit

(a) =∞.

So for a small increase ϵ in x,
gπ(ϵ) > gπ(0).

PROOF OF (4)

This result can be shown by first showing an upper bound on the second derivative. The second derivative is

δ2

δx2
it

πT
it =

yit(1− xθ+1
it )2(θ(θ − 1)xθ−2

it − θ2xθ−1
it − θxθ−1

it + 2θx2θ
it − 1)

(1− xθ+1
it )4

− yit(θx
θ−1 − θxθ − xθ + x2θ)2(10xθ+1

it (θ + 1)xθ
it)

(1− xθ+1
it )4

where
y > 0
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and
(1− xθ+1)2

for all xit ∈ (0, 1), θ ∈ (0, 1) so we need to find an upper bound on

(1− xθ+1)2(θ(θ − 1)xθ−2 − θ2xθ−1 − θxθ−1 + 2θx2θ−1)− (θxθ−1 − θxθ − xθ + x2θ)2(1− xθ+1)(θ + 1)xθ

where (1− xθ+1)2 > 0 and

(1− xθ+1)(θ + 1)xθ for all x ∈ (0, 1), θ ∈ (0, 1)

which leaves finding an upper bound on

h(x) = (θ(θ − 1)xθ−2 − θ2xθ−1 − θxθ−1 + 2θx2θ−1)− (θxθ−1 − θxθ − xθ + x2θ)

To find the upper bound, start with

p(x) =
(
θ(θ − 1)xθ−2 − θ2xθ−1 − θxθ−1 + 2θx2θ−1

)
.

There’s the following properties of p(x): it is continuous for x ∈ (0, 1), lima→0+ p(a) = −∞ for x = 0, p(x) = 0
for x = 1, and p(x) ̸= 0 for all x ∈ (0, 1). Similar to before, under the intermediate value theorem,

p(x) < 0.

Now look at the second expression
q(x) = θxθ−1 − θxθ − xθ + x2θ

Similarly, there’s the following properties of q(x): it is continuous for x ∈ (0, 1), lima→0+ q(a) = −∞ for x =
0, q(x) = 0 for x = 1, and q(x) ̸= 0 for all x ∈ (0, 1). So,

q(x) > 0.

With these two results,
h(x) < 0

so
∂2

∂
πT
it < 0 for all xit ∈ (0, 1), θ ∈ (0, 1).

Since the second derivative is negative, that means that the minimum value for the first derivative positive as x→ 1.
So, it is sufficient to say that if the first derivative is always positive without (µjt − µit)

2, as discussed in the one
country section, and (µjt − µit)

2 is less than the minimum value of

yit(1− xθ+1
it )(θxθ−1

it − (θ + 1)xθ
it) + yit(1− xit)x

θ
it(θ + 1)xθ

it

(1− xθ+1
it )2

,

then the first derivative will always be positive.

PROOF OF (5)

Show this by first noting that as shown before, the minimum value of the first derivative is when x→ 1. Under
this condition,

lim
a→1

δ

δxit
πT
it(a) < 0

thus there is somewhere the first derivative is negative. There is also somewhere where the first derivative is
positive because

lim
a→0+

δ

δxit
πT
it(a)→∞

and since the derivative function is continuous for x ∈ (0, 1) under the intermediate value theorem, there has to
be some value of traditionalism where the derivative is zero.
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PROOF OF (6)

To show this, first note that

1

β

λgL
1− ϕ

(1− xit)
2xθ

it

1− xθ+1
it

> 0 for all xit ∈ (0, 1), θ ∈ (0, 1)

To guarantee positive growth,

1

β

λgL
1− ϕ

(1− xit) > 2(1− xit)(ZKjt
− ZKit

)
1

β

λgL
1− ϕ

(xit − xjt)

which after simplifying, gives us the aforementioned result.

PROOF OF (7)

Following similar logic as the one country scenario, under this condition: gπit
is continuous for x(0, 1) where

gπ(0) ≥ 0 and g(a) = 0. The derivative of this growth function is

δ

δxit
gπit

=− 1

β

λgL
1− ϕ

+
1

β

λgL
1− ϕ

[
(1− xit)

θ+1
(
θxθ−1

it (1− xit)
2 − 2(1− xit)x

θ
it

)

(1− xit)θ+1

2

+
(1− xit)

2xθ
it(θ + 1)xθ

it

(1− xit)θ+1

2

+ 2
(
ZKjt

− ZKit

) 1
β

λgL
1− ϕ

[−(xit − xjt) + (1− xit)]

]

where there is still
lim

a→0+

δ

δxit
gπit(a)→∞

and for a small increase ϵ ∈ x,
gπ(ϵ) > gπ(0).

So, the maximum growth rate is some value of mixed traditionalism, xit ∈ (0, 1), under the condition that

(Zkjt − ZKit)(xit − xjt) > −
1

2
.

PROOF OF (8)

To show this, note that the second derivative of the payoff with respect to traditionalism is the same between the
two-country scenario and multiple country scenario. Thus, the derivation for the bound on the second derivative still
stands in this scenario. Similarly, we can conclude that the first derivative is always positive because the relative
technology factor is not a big enough negative number to make a difference.

ROBUSTNESS CHECK FOR REGRESSION 2

Figure 5 shows the results of Regression 2 with the addition of a poverty control variable. In this result, the
coefficient for relative technology is still negative and statistically significant. Thus, we still have evidence for
economic convergence. However, none of the coefficients are statistically significant for traditionalism or poverty
proxies in both the linear and quadratic regressions. There are three interpretations for this result. One could be that
given the limited sample size, there is too much noise to reliably find the true relationship. Another interpretation
could be that there is no relationship that exists. Finally, there could also be the case that the introduction of the
poverty variable creates a model misspecification that leads to poor estimates for the true relationship between the
traditionalism proxy and economic growth.
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Fig. 5: Robustness check regression results of Regression 2

74



Rationalizability, Iterated Dominance, and the Theorems of Radon
and Carathéodory

Roy Long

University of Chicago

Abstract— The game theoretic concepts of rationalizabil-
ity and iterated dominance are closely related and provide
characterizations of each other. Indeed, the equivalence
between them implies that in a two player finite game, the
remaining set of actions available to players after iterated
elimination of strictly dominated strategies coincides with
rationalizable actions. I prove a dimensionality result fol-
lowing from these ideas. I show that for two player games,
the number of actions available to the opposing player
provides a (tight) upper bound on how a player’s pure
strategies may be strictly dominated by mixed strategies.
I provide two different frameworks and interpretations
of dominance to prove this result, and in doing so, I
relate it to Radon’s Theorem and Carathéodory’s Theorem
from convex geometry. These approaches may be seen
as following from point-line duality. A new proof of the
classical equivalence between these solution concepts is also
given.

I. INTRODUCTION

Strategic dominance is a standard concept in game
theory. It encapsulates the intuition that in a strategic
environment, one should never take some action a if in
all possible scenarios (formally, all profiles of the other
players’ actions), another action a′ does strictly better.

In this section, we review the concepts of dominance
and rationalizability and summarize the content of the
paper.

We consider finite, two player strategic games. For
i = 1, 2, player i’s (pure) strategies is the set of actions
Ai.

Definition: A pure strategy for player i, ai ∈ Aii
is strictly dominated by another pure strategy a′i if
ui(ai, a−i) < ui(a

′
i, a−i) for any a−i.

Acknowledgment: I would like to thank Scott Gehlbach at the
University of Chicago Political Science department (and Harris’ Po-
litical Economy program) for teaching me game theory during my
first year SSI Formal Theory class. Prof. Gehlbach introduced the
concepts of iterated dominance and rationalizability to me, and this
paper grew out of some observations I made from examples in his
class. I would also like to thank various UChicago economics and
computer science professors for kindly taking a look at the paper
and giving feedback during Winter/Spring 2022. Roger Myerson also
provided some important suggestions about improving the details of
the paper, and the last proposition showing the bound is tight is partly
motivated by his observation.

Dominance can be generalized to mixed strategies,
where players randomize over actions. In this case, the
expected payoff is compared.

Definition: A (pure) strategy ai ∈ Ai is strictly
dominated by a mixed strategy si over the set {aj}
if ui(ai, a−i) < Ui(s, a−i) =

∑
j pjui(aj , a−i) for all

a−i where (pj) is a probability distribution over {aj}
specified by s.

If the game is finite, the iterated elimination of strictly
dominated strategies may be performed. The simple
algorithm is to repeatedly remove strategies (for either
player) which are strictly dominated by some mixed
strategy from the game, until no such strategies are left.
It is easy to show that the set of remaining strategies
are those that were not strictly dominated in the original
game, and any strictly dominated strategy is removed by
this process.

More recently, the solution concept of rationalizabil-
ity was developed. For two player games the definition
is as follows:

Definition: An action ai ∈ Ai is not rationalizable if
for any belief q = (q1, . . . , qm) player i has about player
(−i)’s strategy s−i, there exists some other action a′i ∈
A (which may depend on q) such that Ui(ai, s−i) <
Ui(a

′
i, s−i)

One can also give a recursive definition of k-level ra-
tionalizability (k ∈ N) and repeatedly remove strategies
that are not rationalizable until all remaining actions are
rationalizable.

It is easy to show that any strictly dominated strategy
is not rationalizable, as one intuitively expects. It turns
out that the converse is true as well, which was first
shown in 1984 independently by both Bernheim and
Pearce.

Theorem I.1. (Pearce, Bernheim). Given a finite, two
player strategic game G, the set of (pure) strategies that
remain after iterated elimination of strictly dominated
strategies are precisely the strategies that are rational-
izable in G.

Bernheim’s proof represents strategies as payoff vec-
tors in Rd and uses the separating hyperplane theorem.
Pearce’s proof uses the minimax theorem for zero sum
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games. See Fudenberg or Yildiz for a presentation of the
former and Obara for the latter.

The central result of this paper is Theorem 2.1.
We prove a tight bound on the minimum number of
strategies needed to form a mixed strategy that strictly
dominates another strategy. There is a rich connection to
convex geometry in our analysis, and there are several
representations of dominance and rationalizability that
lead to classical results in this area of mathematics.

The methods in section 2 also yield a new proof of
Theorem 1.1, mirroring the separating hyperplane proof
of the equivalence. We defer our proof to the appendix.

In section 2, we provide a proof of Theorem 2.1
using Radon’s Theorem motivated by a natural view
of the equivalence between rationalizability and dom-
inance. We also show that the bound still holds when a
player can have infinitely many actions.

In section 3, we represent dominance using vectors in
Rd. We give another proof of Theorem 2.1, and discuss
the mathematical connections between the two proofs.

We may also the two approaches as resulting from
a kind of point-line duality. In section 3, we view
strategies as payoff vectors (or points), while in section
2, strategies are represented by hyperplanes. Omitted
proofs can be found in the Appendix.

II. CONNECTIONS TO CONVEX GEOMETRY

We study the following question: Given a two player
finite strategic game G with action sets A,B, suppose
some player’s (without loss of generality player 1) pure
strategy ai ∈ A is strictly dominated by a mixed strategy
on a set of actions {aj} = A′ ⊆ A. Can we bound the
size of the support of this mixed strategy, |A′|?

An obvious bound is |A′| ≤ |A|, and furthermore
|A′| ≤ |A| − 1, as if ai ∈ A′ then ai is still dominated
by some mix on A′ \ {ai}.

Interestingly, it turns out that we actually can bound
|A′| by the number of actions available to player 2, i.e.
|B|. This is not at all obvious.

More precisely, we have the following result:

Theorem II.1. Let G be a finite two player game, where
player 1’s set of actions is A and player 2’s set of
actions is B. If ai ∈ A is strictly dominated by a mix
of strategies over {aj} ⊆ A, then in fact ai is strictly
dominated by a mixed strategy {a′j} consisting of at
most min(|A|, |B|) actions. An analogous bound holds
for player 2.

Remark II.2. The bound for player 1 can be improved
to min(|A| − 1, |B|) based on the simple observation
above. In fact, we will show that this bound is tight.

Now the result for player 1 is trivial if |A| ≤ |B|,
but it is not immediately clear why such a result should

be true otherwise. Why does the number of actions the
opponent has affect (and moreover provides a bound
on) how a player’s pure strategies are dominated by
mixes of their own strategies?

For example, if player 2 has |B| = 4 available
actions and player 1 has |A| = 10 available actions,
then this tell us that if some action ai ∈ A of player 1
is strictly dominated, it’s in fact dominated by some set
of just 4 of player 1’s available actions.

When |B| = m = 1, it is trivial, as player 2
only has one action that she must play. When m = 2,
this tells us that if a pure strategy is strictly dominated,
either it is dominated by another pure strategy or by a
mix of two strategies.

Henceforth, we assume von Neumann Morgenstern
preferences, i.e. preferences over strategies are
compared based on their expected payoffs.

To motivate this theorem, we start by first examining
the case for m = 2. Consider the simple 3 × 2 game,
with the payoffs as listed, where rows are player 1′s
actions and columns are player 2′s actions.

1/2 L R
U (6,1) (0,3)
M (2,1) (5,0)
D (3,2) (3,1)

Fig. 1: payoff matrix

Then if player 1 has belief (q, 1−q) over {L,R} about
player 2’s strategy, then player 1’s expected payoffs by
playing U,M,D are, respectively:

EU = 6q

EM = 2q + 5(1− q) = 5− 3q

ED = 3

By plotting these as graphs on the domain q ∈ [0, 1],
we can see that for every q ∈ [0, 1], the ED(q) is less
than at least one of EU (q) and EM (q). Rationalizability
then tells us that D is strictly dominated by some mixed
strategy of U and M.

Let EU = f1, EM = f2, ED = f3 for ease of
notation. Since these functions are all linear and
therefore convex, their maximum is also convex. So
by taking the upper convex hull of the lines, ie.
fMAX = max1≤i≤3{fi}, the graph of f3 lies entirely
below the upper convex hull fMAX and is strictly
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dominated by it.
Now let’s look at a different game, where player 2
again has two actions B = {b1, b2}, and suppose player
1 has five actions {a1, . . . , a5} corresponding to the
following expected payoffs for player 1, if she has
belief (q, 1− q) over {b1, b2}:

E1(q) = 1.2q + 0.4

E2(q) = −1.3q + 1.3

E3(q) = 0.5q + 0.8

E4(q) = −0.8q + 1

E5(q) = 0.8.

The graph below shows the expected payoffs of
these strategies as a function of the belief q ∈ [0, 1],
where the black curve is E2, the green curve is E4,
the horizontal purple curve is E5, the positive sloping
purple curve is E1, and the blue curve is E3.

Fig. 2: expected payoffs given beliefs

We can see that a4 and a5 are strictly dominated by
a1, a2, a3 as

E4(q), E5(q) < max{E1(q), E2(q), E3(q)}
for all 0 ≤ q ≤ 1. For example, a4 is strictly
dominated by a mix over a1, a2, a3 with mixed strategy
q = (0.2, 0.3, 0.5), which results in an expected payoff
of 0.2(1.2q+0.4)+0.3(−1.3q+1.3)+0.5(0.5q+0.8) =
0.1x + 0.87 > 0.8 = E5(q) for all q ∈ [0.1], and a5
is strictly dominated by a mix over a1, a2, a3 with
mixed strategy q = (0.2, 0.7, 0.1) which results in an
expected payoff of 0.2(1.2q+0.4)+0.7(−1.3q+1.3)+
0.1(0.5q + 0.8) = 1.07 − 0.62q > −0.8q + 1 for all
q ∈ [0, 1].

Notice that in both cases, we only need to choose
two out of the three to guarantee a mixed strategy
that strictly dominates them. For example, if we
consider a mix over with a1, a2 with probability
distribution (0.3, 0.7), then the expected payoff is

0.3(1.2q + 0.4) + 0.7(−1.3q + 1.3) = 1.03 − 0.55q >
−0.8q + 1 = E4(q) for all q ∈ [0, 1]. Similarly, a5 can
be dominated by mixes over just {a1, a2}, as well as a
mix of {a2, a3}. Graphically, we see that for a strictly
dominated action, we can choose just two of the graphs
of other functions such that the maximum of them lies
strictly above the dominated strategies’ graph.

Unfortunately, there are some edge cases where
strict dominance never happens and the graph of every
fi is part of the upper convex hull max fi at some point.

Thus, the equivalence of rationalizability and elimination
of dominated strategies gives us the following result:

Proposition II.3. (Theorem 2.1 for d = 2) Let
f1, f2, . . . , fk : [0, 1]→ R be linear, i.e. fi(x) = aix+bi
for all i, and q ∈ [0, 1]. Suppose g : [0, 1] → R is also
linear and satisfies: for all x ∈ [0, 1], the maxi(fi(x)) >
g(x). Then there exists weights 0 ≤ r1, . . . , rk ≤ 1 such
that r1 + · · · + rk = 1 and

∑
rifi(x) > g(x) for all

x ∈ [0, 1]. In fact, it is possible to choose the ri such
that all but at most two of them are 0.

In other words, if the graph of an action’s expected
payoff lies strictly below the upper convex hull (i.e., it’s
strictly dominated), it is in fact strictly dominated by a
mix over a set of at most two actions.

Proof: The first part of the statement follows
from the equivalence of rationalizability and iterated
dominance, so we show the second part. First, note that
we may assume that g(x) = 0 for x ∈ [0, 1], as we
consider f ′

i(x) = fi(x)− g(x) for all i, which are still
linear functions and the condition becomes maxi f

′
i > 0

with g′ = 0.

First, remove all functions fi where fi(x) ≤ g(x) for
all x ∈ [0, 1], as they will never be part of the upper
convex hull. Now, for the graphs of the remaining
functions, either they intersect the graph of g or they
don’t. If they don’t, then they lie entirely above g, i.e.
fk(x) > g(x) for all x ∈ [0, 1], and we can just let
rk = 1 and all other ri = 0.

Otherwise, they have a unique intersection point.
For simplicity, as we noted above, we may assume g
is zero. Then, we can look at where each fk intersects
[0, 1] on the x-axis. Let L be the leftmost x-intercept
in [0, 1] such that the corresponding f has positive
slope, and R be the rightmost x-intercept in [0, 1] such
that the corresponding f has negative slope. Then,
it’s easy to see that L < R because otherwise max f
is not greater than zero at points between L and R,
so it reduces to only having two functions f1, f2,
where f1 = a1(x + b1) and f2 = a2(x + b2) where
a1 > 0, a2 < 0 and 0 ≤ b1 < b2 ≤ 1.
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Then, we have r1f1+r2f2 = r1a1(x+b1)+r2a2(x+b2),
and by setting r1a1 = −r2a2, we just get a constant
function which is greater than zero (r1f1 + r2f2 goes
through the intersection point of f1, f2 which lies above
the x-axis.)

Notice that in the last step of the previous proof,
we didn’t need to explicitly construct the function
r1f1 + r2f2. In fact, the equivalence of rationalizability
and iterated strict dominance tells us if the graph of
g(x) is strictly below the upper convex hull formed by
some set of fi, then g is strictly dominated by those
fi, so in particular, we’re guaranteed that such ri exists
for the corresponding fi that make the weighted sum
greater than g. The main result of the previous proof
was that we only needed to choose two of the fi and
it would be sufficient that the max fi over those two
functions would be greater than zero at all points.

Now, we generalize the preceding intuition to higher
dimensions, i.e. when player 2 has more than two
actions. In essence, what we did in the previous proof
was this: after subtracting g from all the fi, we were left
with graphs of linear functions whose overall maximum
is strictly greater than 0, i.e. their upper convex hull
lies strictly the x-axis. Then, we looked at all linear
functions that intersected [0, 1]. We can assume this
because if the linear function had an x-intercept outside
of [0, 1], then its restriction to [0, 1] will clearly be
positive. Thus, we only needed to consider the cases of
positive and negative slope that intersected [0, 1]. Then,
if a positive sloped line intersected [0, 1] at x0, the
maxi fi(x) > 0 for all x > x0, and if a negative sloped
line intersected [0, 1] at x0, we know maxi fi(x) > 0
for all x0 < 0.

Thus, the problem is reduced to: Given a set of
1-dimensional rays or half lines that cover [0, 1], we
want to show that there exists a subset of at most two
of them that also covers [0, 1].

0 1

Fig. 3: Covering of [0, 1] by half-lines

In general, a belief player 1 can have about player
2 where player 2 can choose from m possible actions
b1, . . . , bm is an m-tuple (q1, . . . , qm) ∈ [0, 1]m where∑m

i=1 qi = 1.
Letting qm = 1 − q1 − · · · − qm−1, the set of possible

beliefs is represented by the m − 1-dimensional
simplex Sm−1 (including its interior) of points
x = (x1, . . . , xm−1) ∈ [0, 1]m−1 where

∑m−1
i=1 xi ≤ 1.

For example, when m = 2, this is just the line
segment [0, 1]. When m = 3, this is the closed triangle
region bounded by the x-axis, the y-axis, and the line
x + y = 1. When m = 4, it is a tetrahedron with
vertices at (0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1), and so
forth.

Let us examine this for the d = 3 case. We can
plot the mixed strategies (beliefs) of player 2 in
q1-q2 space, which is S2, the right isosceles triangle
in R2 bounded by q1, q2 ≥ 0, q1 + q2 ≤ 1. Then,
the expected payoff for player 1 by choosing action
ai, with belief q = (q1, q2, q3 = 1 − q1 − q2),
is a function fi : S1 ⊂ [0, 1]2 → R defined by
f(q1, q2) = ai,1q1 + ai,2q2 + ai,3(1 − q1 − q2). Thus,
the graph of fi is the restriction of a plane to S1.

Finally, we have the graph of g, which is also a
plane. Again, we can consider f ′ = f − g, and
the resulting functions are still planes, so we have
max{f ′(x)} > 0 for all x ∈ S1. Now, each of the
planes f ′

i will intersect the plane R2 × {0} at some
line l in the q1-q2 plane. First, if any f ′

i is parallel to
R2, then clearly it is constant and strictly greater than
zero, and so that single function fi > g for all x ∈ S2.
This means that the pure strategy ai strictly dominates
g so we may ignore this case. The cross sections will
be lines that intersect the closed simplex S2 (i.e., the
closed triangle with vertices (0, 0), (0, 1), (1, 0)) and
we will have open half planes h1, h2, . . . , hk that cover
S2.

(0, 1)

(0, 0)

(1, 0)

Fig. 4: A partial covering of S2 with half planes
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So in the general case, each action ai has an
expected utility fi : S

m−1 → R whose graph is a m−1
dimensional hyperplane in Rn, restricted to the domain
Sm−1. After taking a transformation f ′

i = fi − g,
the condition turns into max{f ′

i} > 0. Then, each
hyperplane f ′

i intersects Rm−1 × 0, which cuts Rm−1

into two half spaces, where one of the (open) half
spaces represents the set of points where f ′

i > 0,
and the other (closed) half space represents the set of
points where f ′

i ≤ 0. Of course, we only care about
the intersection of the half spaces with the domain
Sm−1 ⊂ Rm−1.

We are thus left with the following problem:

Proposition II.4. (Theorem 2.1, geometric form) Let
Q ⊂ Rd be a d-dimensional convex polytope (including
its boundary and interior). Suppose a set of open half
spaces h1, h2, . . . , hn covers Q. Then, there exists a
subset of at most d+ 1 of these hi that also cover Q.

The key observation is that we want to remove
redundant half spaces. If a half space covers a region
that is also covered by another set of half planes, then
we can remove the first half plane and the covered
region will be the same. A half space being covered
by another half space corresponds to dominance by a
pure strategy. Being covered by a set of half spaces
corresponds to being dominated by a mixed strategy.
We define a minimal configuration to be one where no
half plane can be removed and the remaining half planes
still cover the polytope, i.e. each half plane contains a
point that is uniquely covered by it.

First, we gain some intuition for this result by
showing it for d = 3, i.e. a covering of S2 with half
planes.

Proposition II.5. (Theorem 2.1 for d=3) Let Q ⊂
R2 be a closed convex polygon including its interior.
Suppose n open half planes covers Q. Then, there exists
a subset of at most 3 half planes that cover Q.

Proof: Suppose for contradiction that there exists
a covering of the polygon Q with half planes {hi} such
that any subset of {hi} that also coves Q contains at
least four planes. Consider any minimal configuration
{h′

j} ⊂ {hi} that covers Q. By assumption, |{hj}| ≥ 4.

Since {h′
j} is minimal, we cannot remove any

h ∈ {h′
j} to get a smaller subset of half planes that

also covers Q. Thus, for every h′
j , there exists some

point pj ∈ Q that is only covered by h′
j .

Thus, we have four points p1, p2, p3, p4 ∈ Q such
that pj is uniquely covered by h′

j for all 1 ≤ j ≤ 4.

There are a few possible configurations. We check the
cases based on the convex hull H of p1, p2, p3, p4.

Suppose H is a line segment, i.e. p1p2p3p4 are
collinear, in that order. Then, we’ve just reduced it
to the d = 2 one dimensional case, as each plane
bisects the line at some intersection point and covers
everything to one side. So we see that there must be
some plane that covers at least two points as there are
more than two planes.

Now suppose H is a triangle, say H = △p2p3p4. Then
p1 lies in △p2p3p4. If p1 lies strictly in the interior of
△p2p3p4, then clearly any half planes that cover p1
also intersect △p2p3p4, and we see that one of those
vertices are necessarily covered as well. (If the plane
doesn’t cover any of the three vertices, then the entire
triangle lies on the other side of the plane and is also
not covered so p1 is not covered, which can’t happen.)

If p2 lies on the boundary (one of the sides) of
△p2p3p4, then we need to be a bit careful but the same
result holds as in the previous subcase.

Finally, suppose H contains all four points
p1, p2, p3, p4, so the points form a non-degenerate
convex quadrilateral, without loss of generality
p1p2p3p4 in clockwise order. Then, note that p1p3
intersects p2p4 at some point x inside H, and again we
see that any point that covers x also covers at least two
of the vertices of H, so this case is covered.

The result follows, i.e. any covering of S2 with
n half planes contains a subcover using at most three
half planes.

For the general case in Rd, we utilize Radon’s
Theorem, which states:

Theorem II.6. (Radon) Let P be a set of n ≥ d + 2
distinct points in Rd. Then, P can be partitioned into
two nonempty subsets V1 and V2 such that the convex
hulls of V1 and V2 intersect.

For the general case in Rd, let Q ⊂ Rd be a convex
polytope (i.e., including the boundary and interior).
Suppose there are n ≥ d + 2 half spaces h1 . . . hn

which cover Q, such that each half space contains a
point pi ∈ Q that is only covered by hi.

By Radon’s Theorem (as n ≥ d + 2), we can
partition P = {p1, . . . , pn} into two sets P1 and P2

such that their convex hulls H(P1), H(P2) intersect.
Consider a point x ⊂ H1(P1) ∩ H(P2) in this
intersection, which lies in the original polytope
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Q by convexity: as P1, P2 ⊂ P ⊂ Q, we have
H(P1), H(P2) ⊂ H(P ) ⊂ H(Q) = Q.

However, x cannot be covered by any hi with
corresponding pi in P1, as x is in H2, and so any such
hi would have to intersect H2 and contain some other
point in P2. Analogously x cannot be covered by any hi

with pi in P2. So x ∈ Q is not covered by
⋃
hi, which

is a contradiction. This uses the fact that for an open
half space, if a set of points all lie on the other side,
then their convex hull also lies entirely on the other side.

So letting Q = Sn−1, the n − 1-dimensional simplex,
we have proven Theorem 2.1. ■

An immediate result of Theorem 2.1 is that it
gives us a characterization of which actions can be
removed by iterated strict dominance, i.e. which ones
are rationalizable. Indeed, as we’ve shown, if fi lies
under the upper convex hull of f1, . . . , fm, then fi is
strictly dominated. In practice, we should be able to
solve this with linear programming. If fi is part of
the upper convex hull at any point q ∈ Sm−1, then
fi(q) ≥ fk(q) for all 1 ≤ k ≤ m, so no mixed strategy
beats fi with belief q. Finally, we point out the case
of weak dominance. When m = 2, it’s easy to see that
either the graph of the function lies strictly below the
upper convex hull, coincides with the upper convex
hull on some set that contains an interval, or intersects
the upper convex hull exactly at a single point. The
last case is when the action is weakly dominated. For
m = 3, we see that weak dominance can result in a
weak set (where the graph of the function coincides
with the upper convex hull) of a point or a line, and so
forth.

We also note that Theorem 2.1 still holds even if one
player has infinitely many actions.

Corollary II.7. Let G be a two player game
where player 2 has a finite number of actions B =
{b1, . . . , bm}, and player 1 has infinitely many actions
A = {ai}i∈I for some index set I. Then, if some action
ai is strictly dominated by a mixed strategy over a set of
actions {aj} = A′ ⊂ A, in fact ai is strictly dominated
by a mixed strategy over a finite set of at most m actions.

Proof: We simply note that we are covering
Q = Sn−1 with open half spaces haj

, and since Q
is compact (closed and bounded),

⋃
aj∈A′ haj

forms an
open cover of Q, so there exists a finite subcollection
a′1, a

′
2, . . . , a

′
k ∈ A′ such that

⋃
a′
j∈A′ ha′

j
also covers Q.

Then by the previous result, we again know that there
exists a subset of at most m of these ha′

j
that covers Q,

and we are done.

III. A LINEAR ALGEBRA PERSPECTIVE

Now, let us turn to a completely different
representation of dominance. This approach yields a
more natural, geometric, interpretation of Theorem 2.1,
which can be seen fundamentally as a dimensionality
result.

Again suppose player 2 has m actions b1, . . . , bm.
We view the payoffs for player 1 as a matrix A = (aij)
(linear transformation), and each action ai as a row
vector vi = (ai,1, . . . , ai,m).

Assuming von-Neumann Morgenstern Preferences,
by taking a positive affine transformation, we may first
transform the matrix to A′ = A + cJ , where J is the
n ×m matrix with all 1’s and c is a positive constant,
so that all coordinates are strictly positive.

We view each payoff action as a vector in Rm.
Then, if we play a mixed strategy over some actions
{aj} with probabilities {pj}, then in vector form this
represents

∑
pjvj , where

∑
pj = 1.

In other words, if we take the convex hull of all
the vj , along with the origin, the possible mixed
strategies over these vectors is represented by the outer
boundary B of the convex hull H.

Similarly, we see that the convex polytope formed
by taking the convex hull of the vectors is exactly the
region
{

m∑

i=1

λivi | 0 ≤ λ1, . . . , λm ≤ 1 and
m∑

i=1

λi ≤ 1

}
,

i.e. the region contained by the affine hull of the vectors
v1, . . . , vm.

The natural connection here is that the characterization
of probability distributions over m elements using
the simplex and the linear algebra formulation of
convex hull of points using linear combinations are
very similar, which leads to a re-interpretation of the
probabilities/weights as coefficients of vectors.

With this formulation in mind, we now prove several
preliminary results about strict dominance.

Proposition III.1. A pure strategy ai is strictly domi-
nated by another pure strategy aj if and only if the kth
component of vi is strictly less than the kth component
of vi for all 1 ≤ k ≤ m.

Proof: First, suppose that for some
strategies ai, aj , that ai,k < aj,k for all
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components 1 ≤ k ≤ m. Clearly for any belief
q = (q1, . . . , qm) ∈ [0, 1]m,

∑
qk = 1 we have∑m

k=1 qk(ai,k − aj,k) < 0 because each term is less
than or equal to zero and not all of them are zero, so∑m

k=1 qkai,k <
∑m

k=1 qkaj,k, i.e. E(ai) < E(aj), and
ai is strictly dominated by aj .

Now, suppose vi = (ai,1, . . . , ai,m) is strictly
dominated by vj = (aj,1, . . . , aj,m). Then, for all
possible beliefs q = (q1, . . . , qm), we must have

m∑

k=1

qkai,k <

m∑

k=1

qkaj,k,

so
m∑

k=1

qk(ai,k − aj,k) < 0.

By letting

q = (1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1),

we see that ai,k < aj,k for all 1 ≤ k ≤ m.

It turns out that more generally, if we consider strict
dominance by a mixed strategy, we can treat the mixed
strategy as a pure strategy vector and compare them as
if we were comparing two pure strategies’ vectors. This
leads us to the following proposition.

Proposition III.2. Consider a mixed strategy over ac-
tions {aj} with probability distribution {λj}, which we
represent as u =

∑
λjvj . Then, a pure strategy ai is

strictly dominated by the mixed strategy over {aj} if and
only if the kth component of vi is strictly less than the
kth component of u, i.e. vi is strictly dominated by the
pure strategy vector representation of {aj} with lottery
{λj}.

Proof: Let q ∈ [0, 1]m be any belief player 1
can have about player 2’s possible strategy. Then, the
expected payoff with the pure strategy ai is simply the
dot product E(ai) = ⟨vi, q⟩, and the expected payoff by
playing the mixed strategy is

E({aj}) =
∑

λj⟨vj , q⟩ =
∑
⟨λjvj , q⟩

=
〈∑

λjvj , q
〉
= ⟨u, q⟩,

as with probability λj , player 1 plays action aj , in which
case the expected payoff is ⟨vj , q⟩. Thus, we see that
E(ai) < E({aj}) if and only if ⟨vi, q⟩ < ⟨u, q⟩ for
all possible beliefs q, which from the previous claim is
equivalent to the components of vi being strictly less
than the components of u.

Now, we can start classifying which types of pure
strategies are dominated by a mix over other strategies.

Let’s look at a set of pure strategies {aj} with
corresponding vectors {vj}. For example, consider the
four vectors in R2 as below. Then, a good geometric
intuition for whether a vector v is strictly dominated by
some mix over {vj} is if the vector is contained in the
convex hull formed.

For example, consider the following payoffs for player
1 in a game where player 2 has two actions and player
1 has three actions.

A =



1 5
5 1
2 2




We see that a3 = (2, 2) is strictly dominated by a mix
of over a1, a2 with equal probability for both actions,
i.e. the mixed vector is v′ = 1

2 (1, 5) +
1
2 (5, 1) = (3, 3)

which strictly dominates (2, 2).

If we graph them, we see that (2, 2) lies between
(inside) the vectors (1, 5) and (5, 1), i.e. the point (2, 2)
lies inside the convex hull or triangle with vertices
(0, 0), (1, 5), (5, 1). So a good intuitive guess is that
points that lie within the convex hull formed by the
vectors (1, 5), (5, 1) will be dominated by some mix of
the two.

x

y

mixed strategies
dominating (2, 2)

(1, 5)

(5, 1)
(2, 2)

Fig. 5: vector representation of dominance

And indeed, this easily follows from the previous
claims.

Proposition III.3. If a strategy vector vi lies inside the
convex hull (affine hull) of the vectors H (

⋃
vj) (but not

on the outer faces/boundary), then the corresponding
strategy ai is strictly dominated by a mix over {aj}.

Proof: By the linear combination definition of
convex hull, this means that we can write vi =

∑
λjvj ,

where 0 ≤ λj ≤ 1. Remove all vectors that have trivial
contribution so we may assume that all λj > 0. Note
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Fig. 6: covering of green convex hull by blue triangles

that
∑

λj = s < 1 as the the vector vi does not lie
on the outer boundary of the convex hull, so we may
extend vi to a vector u = λvi with λ > 1 that intersects
the outer boundary of the convex hull.

In particular, let u =
∑

λ′
jvj =

∑ λj

s vj which
represents a mixed strategy of {aj} with probability
distribution {λj/s} as

∑ λj

s = 1. Note that λj <
λj

s
for all terms in the sum. Then have

E({aj}) = ⟨u, q⟩

=

〈∑ λj

s
vj , q

〉

> ⟨
∑

λjvj , q⟩
= ⟨v, q⟩
= E(ai),

and ai is dominated by this mix over {aj} as claimed.

Proposition III.4. (Characterization of strategies that
are strictly dominated by a mix over a given set)
Let {vj} be a set of pure strategy vectors corresponding
to the actions {aj}. Consider the boundary B, or the
affine hull of the {vj} defined by

B =
{∑

λjvj : 0 ≤ λj ≤ 1,
∑

λj = 1
}
,

which represents the set of all possible mixed strategies
over {aj}. Then the set

XB =
⋃

b∈B

{v : v(k) < b(k) ∀ 1 ≤ k ≤ m}

defines the set of pure strategies that are strictly domi-
nated by some mix of {aj}. i.e. v is strictly dominated
by a mix over {vj} if and only if v ∈ XB .

Before using this characterization to provide another
proof of Theorem 2.1, let us return to the case of points
that lie strictly within the convex hull of some set of
actions’ vectors. We will use this to find an elegant and

natural interpretation of Theorem 2.1. For now, we work
with the closed convex hull (i.e., including the boundary
B). The result is the same for open hull in the case of
points that lie strictly within H.

Let’s look at four points v1, v2, v3, v4. as shown
below.
Then, the region of vectors that are strictly dominated
by a mix of {v1, v2, v3, v4} is the region on the
following page.

We can also look at the pairs of vectors, which bound
triangular regions (above right).

These triangular regions represent the regions that are
strictly dominated by two vectors. More specifically, the
convex hulls are a subset of what points are strictly
dominated by that set of vectors.
Now, the motivation for Theorem 2.1 becomes clear: the
polygon region formed by the convex hull of the vectors
{v1, v2, v3, v4} is equal to the union of the convex hulls
of pairs of the vectors.

Formally, if H(S) denotes the convex hull of a set of
points S, then our preceding observation is:

H(O, v1, v2, v3, v4)

=H(O, v1, v2) ∪H(O, v1, v3)

∪H(O, v1, v4) ∪ . . . ∪H(O, v3, v4)

=
⋃

1≤i,j≤4

H(O, vi, vj)

Similarly, if we have have n points in R3,
i.e. v1, . . . , vn in R3, it’s easy to see that
taking the union over all triples of points, i.e.
H(O, v1, . . . , vn) =

⋃
i,j,k H(O, vi, vj , vk) yields the

entire convex hull. This is very intuitively clear. We
are essentially considering all tetrahedrons with a fixed
vertex O, and by shifting the vertices around, we
use these tetrahedra to cover the entire interior of the
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Fig. 7: convex hull is covered by the union of triangles over all pairs of vectors

polyhedra.

More generally, a non-degenerate set of d + 1
points in Rd should determine a d-dimensional figure,
and by varying across different points in the set, we
should be able to cover all d-dimensional points in the
convex hull, which is the following statement: Given n
nonzero points v1, . . . , vn in Rd, representing vectors
extending from O, then we have:
H(O, v1, . . . , vn) =

⋃
Sd∈([n]

d )
H(O, vk1

, . . . , vkd
),

where Sd varies over all subsets of
[n] = {1, . . . , n} with d elements.

It is now easy to show that the generalization
of our intuitive observation follows from
Carathéodory’s Theorem.

Theorem III.5. (Carathéodory) If a point x ∈ Rd lies
in the convex hull of a set P, then x can be written as
the convex combination of at most d + 1 points in P. i.e.
there is a subset P ′ ⊂ P consisting of d + 1 or fewer
points such that x ∈ H(P ′).

For our proof, we need a variant known as Conical
Carathéodory’s Theorem

Theorem III.6. (Carathéodory’s Theorem for Conical
Hull) Let n ≥ d + 1 and v1, . . . , vn be n distinct
nonzero vectors in Rd. Consider the conical hull formed
by this set. Then, if a nonzero point x is in the conical
hull, x can be written as the conical combination of at
most d of the vi.

Corollary III.7. Furthermore, if x also lies in the con-
vex hull H(O, v1, . . . , vn), i.e. x is a convex combination

of the vi (and O = 0, so sum of coefficients of the vi is
less than or equal to one), then x can be written as the
convex combination of at most d of the vi, and O.

Finally, we can finish the second proof of
Theorem 2.1. Let v1, . . . , vn be the vector payoffs for
player 1. Let H = H(O, v1, . . . , vn) be the convex hull
of the set of vectors, and let B be the outer boundary
of H.

From the characterization of these points, we know that
a vector v ∈ Rn is strictly dominated by a mix over a
subset of {vj} = v1, . . . , vn if and only if there exists
some b ∈ B such that v(k) < b(k) for all components
1 ≤ k ≤ m. But B ⊂ H, and we know from the
corollary following Carathéodory’s Theorem that all
points in H can be represented as the affine sum of at
most d distinct vectors. Thus, if vi is strictly dominated
by some such b, we can write b as the affine linear
combination of at most d of the {vj}, which means that
vi is strictly dominated by a mix over those vj , and
in particular, is dominated by at most d of the other
vectors as claimed. ■

We conclude by showing that the bound in Theorem
2.1 is tight in the following sense:

Proposition III.8. For every pair (n,m) ∈ Z2
≥2 there

exists a game Gn,m with |A| = n and |B| = m,
and a strategy ai ∈ A that is strictly dominated by a
mixed strategy over a set {aj} = A′ of size |A′| =
min(|A| − 1, |B|), and ai is not strictly dominated by
a mixed strategy over any smaller set of actions. An
analogous statement holds for player 2.
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Proof: We again represent pure strategies in their
vector forms, with a pure strategy ai is associated to
a vector vi ∈ Rm, and a mixed strategy over {aj}
associated to a convex combination

∑
j λjvj .

First suppose |A| − 1 < |B|. Then, consider

v1 = (n, 0, 0, . . . , 0, 1, . . . , 1)

v2 = (0, n, 0, . . . , 0, 1, . . . , 1)

v3 = (0, 0, n, . . . , 0, 1, . . . , 1)

. . .

vn−1 = (0, 0, 0, . . . , n, 1, . . . , 1)

vn = (1, 1, 1, . . . , 1, 0, . . . , 0)

where the k-th coordinate of vk is n and the j-th
coordinate is zero for 1 ≤ j ≤ n−1 and is one for j ≥ n,
for each 1 ≤ k ≤ n−1, and the first n−1 coordinates of
vn are zero. Then, we see that vn is strictly dominated
by the mixed strategy

1
n−1v1 +

1
n−1v2 + · · ·+ 1

n−1vn−1

=( n
n−1 ,

n
n−1 , . . . ,

n
n−1 , 1, . . . , 1)

≫(1, 1, 1, . . . , 1, 0, . . . , 0),

but vn is clearly not strictly dominated by a mixed
strategy over any smaller set as each vk for 1 ≤ k ≤
n− 1 is needed in the mixed strategy.

Now, suppose that |B| ≤ |A| − 1. Then, consider

v1 = (2m, 0, 0, . . . , 0)

v2 = (0, 2m, 0, . . . , 0)

v3 = (0, 0, 2m, . . . , 0)

. . .

vm = (0, 0, 0, . . . , 2m)

vm+1 = (1, 1, 1, . . . , 1)

vk = (0, 0, 0, . . . , 0) ∀m+ 1 < k ≤ n

We see that vm+1 is strictly dominated by the mixed
strategy

1
mv1 +

1
mv2 + · · ·+ 1

mvm = (2, 2, 2, . . . , 2)

≫ (1, 1, 1, . . . , 1),

but vm is clearly not strictly dominated by any mixed
strategy over a set of m− 1 or fewer actions, as vk for
k ≥ m+ 2 are all zero vectors, and each vk for k ≤ m
is needed as vk is the only vector that has a positive
k-th coordinate.
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APPENDIX

he appendix provides proofs of Caratheodory’s and Radon’s Theorems, as well as a new proof of Theorem 1.1
using the representation of dominance in section 2 and half-spaces.

We begin the proof of Theorem 1.1 with the following covering lemma.

Lemma .1. (Rotation covering) Suppose two half spaces a ·x < 0 (A) and b ·x < 0 (B) together cover a compact
convex set S in Rn. Then there exists λ ∈ [0, 1] such that the half space C given by (λa+ (1− λ)b) · x < 0 also
covers S.

Proof: Suppose neither A nor B covers S by itself so λ ∈ (0, 1). Also assume that a and b are not parallel
(linearly dependent) as that case can be easily handled.

Thus the hyperplanes a · x = 0 and b · x = 0 intersect at an n − 2 dimensional subspace P. Note that P lies
entirely outside of S.

These two hyperplanes divide Rn into four quadrant regions based on the signs of a · x and b · x. For the region
where a · x < 0 and b · x < 0 clearly (λa+ (1− λ)b) · x < 0. So consider the other two regions. The parts of S
in them are SA = (S ∩ A) \ B and SB = (S ∩ B) \ A which lie in two different quadrants. By assumption that
neither A nor B alone cover S, both SA, SB are nonempty. Also SA, SB are compact and convex.

Consider the plane Cλ: (λa+ (1− λ)b) · x = 0 as λ increases from zero to one. Note that C0 intersects SA and
C1 intersects SB . Suppose for contradiction that Cλ always intersects at least one of SA and SB . As SA, SB are
both closed, this means for some λ∗ the plane intersects both SA and SB , say at points p and q.

We claim that the line segment pq intersects P. Note that Cλ∗ ⊂ P ∪Q1∪Q2 where Q1 = {x : a·x ≥ 0, b·x < 0}
and Q2 = {x : b · x ≥ 0, a · x < 0} where we used λ ∈ (0, 1). Since p ∈ Q1, q ∈ Q2, as as we move from p to q
along the segment, the signs of a · x and b · x each change (from nonnegative to negative, or vice versa). But this
can only happen at P , which means that pq intersects P at some point z.

However as p, q ∈ S, by convexity, this means z ∈ S. This contradicts the fact that P does not intersect S.

Theorem .2. (Equivalence of rationalizability and dominance) Given a finite, two player strategic game G, the set
of (pure) strategies that remain after iterated elimination of strictly dominated strategies are precisely the strategies
that are rationalizable in G.

Proof: It is easy to show that any strictly dominated strategy is not rationalizable, so we focus
on the reverse implication. As before, let player 1 have strategies {a1, . . . , am} and we denote by
Sn = {x ∈ Rn | x1 + · · · + xn = 1, xi ≥ 0 ∀i} the n − 1 dimensional simplex of probability vectors
where n is the number of actions of player 2. Thus, a belief player 1 has about player 2 is some q ∈ Sn.

As in the framework of section 2, we can represent each pure strategy aj as a linear function fj : Sn → R,
whose image is a restricted hyperplane in Rn+1. Suppose the pure strategy ai represented by fi = g is not
rationalizable. Again by taking f ′

j = fj − g for all j we may assume that g is identically 0 on Sn. For a slight
abuse of notation, in the following we write ai to mean the payoff vector (ai,1, . . . , ai,n), so the expected payoff
of playing the i-th action under belief q is fj(q) = ai · q.

For a given fj the set of beliefs q for which aj yields strictly higher payoff than ai are those that satisfy
fj(q) = aj · q > 0, ie. the intersection of an open half-space in Rn with Sn. Let this half-space be Hj .

If ai is a never best response, then the union of these Hj over all j ̸= i must cover Sn entirely. Similarly, for a
mixed strategy σ = r1a1 + · · ·+ rmam, the beliefs for which σ yields higher payoff than ai are those q satisfying
(r1a1 + · · · + rmam) · q > 0, which is also a half-space Hσ . Then, σ strictly dominates ai iff the half-space Hσ

covers Sn.

The proof of the theorem follows from Lemma 1, which allows us to repeatedly replace a pair of (pure or
mixed) strategies with a single mixed strategy, such that the union of the remaining half-spaces still covers Sn.
This reduces the number of strategies while maintaining the covering invariant. Eventually, the process terminates
with a single half-space H∗ that covers Sn by itself, which corresponds to a mixed strategy σ that dominates ai.

Indeed, suppose we have m − 1 half spaces pj · x < 0 (Hj) for j ∈ [m] \ {i} in Rn each representing a pure
strategy aj , and their union covers the compact convex set of probability vectors Sn. We can now take two half
spaces p1 · x < 0 and p2 · x < 0 and since H1 ∪H2 covers the convex compact set Sn \ (H3 ∪ · · · ∪Hm), there

85



exists some λ such that the half space (λp1 + (1− λ)p2) · x < 0 covers Sn \ (H3 ∪ · · · ∪Hm), and we can replace
H1, H2 with this halfspace instead. Thus, we have reduced the total number of half spaces while still covering Sn.
Iterating this process, we eventually have a single half space of the form λ1a1 + · · · + λmam < 0 which covers
Sn. Since we take convex combinations in each step, the weights are such that λ1 + · · ·+λm = 1 with all λi ≥ 0,
so this defines a mixed strategy σ which strictly dominates ai.

Theorem .3. (Radon) Let P be a set of n ≥ d + 2 distinct points in Rd. Then, P can be partitioned into two
nonempty subsets V1 and V2 such that the convex hulls of V1 and V2 intersect.

Proof: Consider any set X = {x1, . . . , xd+2} ⊂ Rd of d+ 2 points.
Then there exists multipliers a1, . . . , ad+2, not all zero, such that:

d+2∑

i=1

aixi = 0,
d+2∑

i=1

ai = 0.

Take some particular nontrivial solution a1, . . . , ad+2. Let Y ⊆ X be the set of points with positive multipliers
and Z = X \ Y be the set of points with negative or zero multiplier. Observe that Y and Z forms a partition of
X into two subsets with intersecting convex hulls.

Indeed, H(Y ) and H(Z) necessarily intersect because they each contain the point

p =
∑

xi∈Y

ai
A
xi =

∑

xi∈Z

−ai
A

xi,

where A =
∑

xi∈Y ai = −
∑

xi∈Z ai. So we have expressed p as convex combination of points in Y and also
as a convex combination of points in Z, which means that p lies in the intersection of the convex hulls.

Theorem .4. (Carathéodory) If a point x ∈ Rd lies in the convex hull of a set P, then x can be written as the
convex combination of at most d + 1 points in P. i.e. there is a subset P ′ ⊂ P consisting of d+ 1 or fewer points
such that x ∈ H(P ′).

Proof: Suppose x can be written as a convex combination of k > d + 1 of the points xi ∈ P. Without loss
of generality, they are x1, . . . , xk. Thus, we can write x =

∑k
j=1 λjxj , where 0 < λj ≤ 1 and

∑k
j=1 λj = 1.

Then, consider x2 − x1, . . . , xk − x1, which is a linearly dependent set, so there exists µj for 2 ≤ j ≤ k

not all zero such that
∑k

j=2 µj(xj − x1) = 0 and not all are zero. Then, if we set µ1 = −∑k
j=2 µj , this means

that
∑k

j=1 µjxj = 0 as well as
∑k

j=1 µj = 0, and not all of the µj are equal to zero, so there exists some µj > 0.

Now let

α = min
1≤j≤k

{
λj

µj
: µj > 0

}
=

λi

µi
.

Note that α > 0. Then, we have

x =
k∑

j=1

λjxj − α
k∑

j=1

µjxj =
k∑

j=1

(λj − αµj)xj .

Since α > 0, then λj − αµj ≥ 0 for all j.
Also,

k∑

j=1

(λj − αµj) =

k∑

j=1

λj − α

k∑

j=1

µj = 1− α · 0 = 1.

However, by definition, λi−αµi = 0. Thus, x =
∑

1≤j≤k,j ̸=i(λj −αµj)xj , where every λj −αµj is non-negative
and their sum is one.

In other words, x is a convex combination of k − 1 points in P. Repeating this process, we can write x
as a convex combination of at most d+ 1 points in P, as desired.
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Theorem .5. (Carathéodory’s Theorem for Conical Hull) Let n ≥ d + 1 and v1, . . . , vn be n distinct nonzero
vectors in Rd. Consider the conical hull formed by this set. Then, if a nonzero point x is in the conical hull, x can
be written as the conical combination of at most d of the vi.

Proof: Suppose x is expressed as the conical combination of k > d of the vi, without loss of generality,
v1, . . . , vk. Then, x =

∑k
j=1 λjvj , where λj > 0 for all 1 ≤ j ≤ k. Since k > d, then v1, . . . , vk is linearly

dependent, so there exists µj , not all equal to zero, such that
∑k

j=1 µjvj = 0. By multiplying each µj by −1 if
necessary, we can ensure that at least one of these µj must be positive. Without loss of generality, we may also
assume that

∑k
j=1 µj ≥ 0 because if the sum were less than zero (then there would exist some negative µj), we

could multiply each µj by −1. Now, note that for any α, we have

k∑

j=1

(λj − αµj)vj =
k∑

j=1

λjvj − α
k∑

j=1

µjvj = x.

We want to choose some α such that λi − αµi = 0 for some i, and all λj − αµj ≥ 0.
Indeed, if we let

α = min
1≤j≤k

{
λj

µj
: µj > 0

}
=

λi

µi
> 0,

then we do have λj − αµj ≥ 0 for all j. If µj ≤ 0, then since λj > 0, we have λj − αλj ≥ 0. And if µj > 0, we
have 0 < α = λi

µi
≤ λj

µj
, and again λj − αλj ≥ 0. Thus, x =

∑k
j=1(λj − αµj)vj represents a conical combination

using at most k− 1 of the vi, as all λj −αµj ≥ 0, and λi −αµi = 0. We can repeat this process until we are left
with at most d of the vi, and so x is the conical combination of at most d of the vi as desired.

Corollary .6. Furthermore, if x also lies in the convex hull H(O, v1, . . . , vn), i.e. x is a convex combination of the
vi (and O = 0, so sum of coefficients of the vi is less than or equal to one), then x can be written as the convex
combination of at most d of the vi, and O.

Proof: If x lies in the convex hull H(O = v0, v1, . . . , vk), that means that x =
∑k

j=0 λjvj , where λj > 0

and
∑k

j=0 λj = 1. Since O = 0, this is the same as saying that
∑k

j=1 λj ≤ 1. Again, if k > d, then we can write∑k
j=1 µjvj = 0, where we can assume that

∑k
j=1 µj ≥ 0. But then in the preceding proof, we have that

k∑

j=1

(λj − αµj) =
k∑

j=1

λj − α
k∑

j=1

µj ≤
k∑

j=1

λj ≤ 1,

as α > 0 and
∑k

j=1 µj ≥ 0. Again, recall that λi − αµi = 0, and each of the λj − αµj ≥ 0.

Thus, x lies in the convex hull of H(v0, v1, . . . , vi−1, vi+1, . . . , vk). Like before, by repeating this process, we can
show that x lies in the convex hull H∗ of at most d of the nonzero vi, along with v0, i.e. x ∈ H(v0, vj1 , . . . , vjd).
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How Sophisticated Are MLB Players?

Leo Oh

Rice University

Abstract— Baseball showcases a dynamic between pitchers
and batters, where both players must act optimally to maximize
their payoff. We frame this interaction as an independent
sequence of static simultaneous games, specifically a zero-sum
game where the expected run values are used as utilities. This
paper aims to determine whether the players learn by updating
their belief on the opponent’s probability of outcomes (PO)
with two different models. The first model contains the non-
conditional PO that does not use the first pitch as a prior, while
the second model does the opposite and uses the conditional
PO. We begin by calculating mixed strategy Nash equilibrium
with linear programming but encounter pure strategies, which
lead to zero-likelihood problems. Thus, we resort to quantal
response equilibrium where human error is incorporated into
the model, removing pure strategies. To interpret our results, we
use the odds ratio from the two models’ likelihood calculated
using their equilibrium to compare models empirically. For
our chosen group of players, the odds ratios show that most
play closer to the sophisticated model’s equilibrium, which
holds on both aggregate and individual match-up levels. The
following result implies that most players learn from the first
count and adjust their actions in the second count, especially
when experienced. However, limitations to the results include
the assumption of homogeneity in players’ performance against
corresponding strategies regardless of their opponent and the
differences in magnitude of the odds ratio, which affects the
interpretation of our results.

I. INTRODUCTION

In baseball, countless factors contribute to a team’s win. At
its core, however, baseball showcases the dynamic between
pitchers and batters, where both players must decide on
actions that maximize their payoff. Pitchers aim to deliver
a pitch that minimizes the likelihood of the batter reaching
base. Conversely, batters must decide when to swing based
on which pitch offers them the best chance of successfully
getting on base. Moreover, baseball is a game where the
teams use various applications of statistics to analyze their
opponents with play-by-play data. Players can decide their
actions by combining these two elements depending on the
expected payoff.

This interaction between a batter and a pitcher can be
represented in a game theoretic framework. Suppose the
players knew their opponents’ strategies and payoffs. In that
case, they may theoretically reach an equilibrium, where both

I would like to acknowledge Dr. Mahmoud El-Gamal for his creative
suggestions and ideas that allowed me to explore interdisciplinary areas in
economics and sports. His influence made the experience of writing this
paper truly enjoyable. Additionally, I am deeply grateful to my family,
friends, and girlfriend. The journey of completing this thesis was demanding,
yet their continuous support and encouraging words were a source of
inspiration and motivation for me throughout this endeavor.

players in a match-up choose the best response to the strategy
of the opposing player (Tadelis, 2013).

For this paper, we assume that the batters are ”guess
hitters.” In other words, the batters cannot react to a pitch
once it is thrown. Bahill and LaRitz (1970) proved that
batters are unable to keep their eyes on the ball for the
entire trajectory unless they anticipate the pitch. We are not
doubting batters’ ability to spot obvious balls, especially at
the MLB level. However, within the shadow zone (33% larger
than strike zone: See Figure 3), we are suggesting it becomes
more difficult for batters to identify the pitch and adjust their
action accordingly.

Thus, we frame this interaction as an independent se-
quence of static simultaneous games, meaning players make
their decisions at the same time with imperfect information.
More specifically, we structure the match-up as a zero-sum
game where the expected run values are used as utilities. We
are particularly interested in the change in the probability of
outcomes (PO) for the corresponding actions and counts that
dictate expected run values.

In Figure 1, the left and right figure’s x-axis indicate
pitcher and batter’s strategies, respectively. For the pitcher,
the possible strategy is broken down into four zones and two
speed classification which will be discussed in detail in Sec-
tion III-B. For the given match-up, we see a clear difference
in both players’ strategy distributions between counts due to
their change in utilities. We know that players play a different
game on the second pitch, leading to a different equilibrium.
However, we do not know how sophisticated these players
are. This paper assumes that all players recognize the change
in different outcome values between counts. The players
should know that a strike at 1-0 is more valuable to the
pitcher than at 0-0.

Instead, we investigate whether players adjust their actions
according to a less noticeable change in conditional and non-
conditional PO. Consider a scenario where the first pitch is
low and called a ball. Batters are more likely to think the
strike zone is higher on the second pitch. Thus, the batters
may swing less at the same speed and location depending
on the previous pitch, impacting the PO. Figure 2 displays
PO at count 1-0. Both conditional and non-conditional cases
show PO when the thrown pitch is in zone 1 and fast, as
defined in Section III-B again. However, the conditional
case has a second condition, the first pitch being in zone
4 and fast. We see a clear difference between the two
distributions, ultimately affecting the expected run values.
Thus, we see that the equilibrium may be different and check
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Fig. 1: Pitch and swing distributions between counts: Zach Greinke & Miguel Cabrera

which equilibrium the players adhere to.
The goal is to determine whether the players learn by

updating their belief on the opponent’s PO with two different
models. The first model contains the non-conditional PO
that does not use the first pitch as a prior. The second
model does the opposite and uses the conditional PO. We
first study the change in mixed strategy Nash equilibrium
(MSNE) of games but run into the zero-likelihood problem
when comparing the models due to pure strategies. Thus, we
utilize logit Quantal Response Equilibrium (QRE) to solve
for the bounded probability of optimal actions. Ultimately,
we aim to determine if players are sophisticated enough to
notice the change in PO between pitches by analyzing the
odds ratio (OR) of the two models’ equilibrium.

We also consider heterogeneity among players. While
countless variables cause heterogeneity amongst players, we
specifically examine the disparity in players’ skills; some
hitters may be adept at batting against certain types of
pitches, whereas some pitchers may be more effective at
throwing specific pitches. Since this is reflected in PO,
players’ ability will also affect the respective payoff matrices.
By analyzing the empirical similarities of both aggregate
and individual match-ups, we can validate the heterogeneity
among players and determine which players exhibit greater
sophistication in their skills.

Nevertheless, it is important to emphasize that addressing
heterogeneity requires segmenting our dataset, leading to
a reduction in sample size. In this study, we opted for a
variable closely tied to the sophistication level of MLB

players in our discussion. However, this decision assumes
that the influence of other variables on the paper’s results is
minimal, as elaborated in IV-C.

This paper’s structure is as follows. Chapter 2 of this
paper will discuss previous work that has contributed to
this research. Chapter 3 will discuss the methodology that
explains the game framework, PO calculation, MSNE, and
logit QRE optimization. Chapter 4 will detail the result
from our ORs and discuss the implication of our empirical
analysis. Chapter 5 will be our conclusion to this paper,
summarizing the procedure and the results.

II. LITERATURE REVIEW

Douglas et al. (2023) developed a game-theoretic frame-
work where the game was designed as a zero-sum simul-
taneous game. The batters’ actions were binary, choosing
to swing or not swing, while the pitchers’ actions were
complex, which included pitch types and locations. They
calculated the game’s utility based on on base percentage and
used Neural Network to estimate PO, which determined the
utility. They aimed to achieve empirical similarity of on base
percentage by calculating the equilibrium of their designed
game-theoretic frameworks.

Similar to Douglas et al., Melville (2023) had the same
action sets for batters and players and utilized Neural Net-
work when estimating PO. However, he diversified his games
in three ways: simultaneous, sequential, and decision-point
games. Further, he used expected run value, an outcome
value that incorporates game context (e.g., count), for his
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Fig. 2: Conditional and non-conditional PO: John Lackey & Ichiro Suzuki

utility. The main objective was to optimize pitch sequences
through his empirical equilibrium.

In addition to these two papers, there are many papers with
applications of game theory within the context of baseball
(Flanagan, 1998; Kovash and Levitt, 2009; Choe and Kim,
2019). Flanagan showed that MSNE is a good predictor
of proportions of right and left-handed batters. Kovash and
Levitt showed that pitchers are not playing according to
optimal mixed strategies as pitchers are throwing too many
fastballs. Choe and Kim also showed that batters and pitchers
are not playing optimal strategies and described the effect
of players’ contracts on players’ strategies, where more ex-
tended contracts decrease players’ incentive to play optimal
strategies.

Aside from baseball, some papers explore the dynamic
between two players with game theory in different sports.
While there are noticeable differences, such as the sets of
actions amongst players, the overall process of utilizing
game-theoretic models to test a theory is similar.

In soccer, Chiappori et al. (2002) studied whether kickers
and goalkeepers would conform to their mixed strategy
Nash equilibrium in penalty kicks. However, they faced
a challenge with few observations for any given pair, as
penalty shootouts are generally rare. Thus, they resorted
to aggregating a heterogeneous population, limiting their
results’ interpretation. Fortunately, we do not face such a
problem in baseball, so we utilize aggregate and individual
match-up data for our models to get different interpretations.

In tennis, Walker and Wooders (2001) have represented

the dynamic between a server and receiver as a static
simultaneous game and determined the MSNE in a prede-
termined framework. They showed that MSNE did a better
job explaining the dynamic between experienced players
and inexperienced players. However, Anderson et al. (2023)
argued that a limited form of super-game exists due to
muscle memory effects for each score state. Thus, they
utilized dynamic programming to solve for optimal strategies
dependent on the score state.

Our paper explores a similar concept and looks for a
limited notion of super-game effect between a batter and
a pitcher based on the count. To capture the full supergame
effect, we would need to consider the memory of previous
innings and matches at which a given pair had met, but we
do not incorporate the effect of these variables in the models.

Regardless of the sport, we see that the research structure
remains constant. The dynamic between two players is rep-
resented as zero-sum games where the MSNE is calculated
using the Minimax theorem and linear programming. The
papers above explore implications based on the discrepancy
between models and actual strategy distributions.

For this paper, we aim to explore the learning mechanism
of players between counts by comparing two game frame-
works. We consider a scenario where batters and pitchers
adjust their actions based on counts, meaning the utility
will differ between pitches. While not resorting to dynamic
programming as Anderson et al. did, we created utilities
conditional on the previous pitch, capturing the baseball
equivalent of muscle memory effect.
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Melville also covers a similar topic as OptimusPitch, a
Neural Network algorithm, incorporates previous pitches to
estimate PO. However, due to the time constraints of this
thesis, we decided against using machine learning algorithms
such as Neural Networks. Instead, we take a historical
frequentist approach when calculating PO. Since this method
suffers from the exponential increase in dimensionality with
conditioning-history length, we restrict our samples to the
first two pitches.

The main difference between our research and previous
works lies in our objective and the method of calculating
the equilibrium for the proposed games. Since MSNE often
results in pure strategies, there are game scenarios where
batters are expected to swing with certainty, leading to the
zero-likelihood problem. Thus, we introduce a concept simi-
lar to El-Gamal et al. (1993)’s tremble, where players have a
chance of deviating away from their optimal equilibrium due
to errors. McKelvey and Palfrey (1995)’s QRE models the
probability of trembles more sophisticatedly with probability
of error depending on expected loss in the case of error.

III. THE GAME AND EQUILIBRIUM

In baseball, the team on offence can continue accumulating
points as long as they have not accumulated three outs. This
scoring opportunity arises from the dynamic between the
pitcher and the batter. In a face-off between the two, the
pitcher aims to get the batter out, while the batter aims to
get on base. With each pitch thrown, the possible outcomes
are an out, a hit, a strike (foul), or a ball. If the outcome is
a strike or a ball, the interaction will continue until a batter
gets out or on base. However, we only consider the first two
pitches due to the curse of dimensionality, a problem where
subsetting dataset leads to exponential loss in sample size.
As a result, we narrowed down all possible scenarios into
three counts: 0-0, 1-0, and 0-1. If dimensionality was not a
problem, we can extend this analysis beyond the first two
pitches using the same methodology.

In certain instances, pitchers intentionally walk batters by
throwing four clear balls. This strategy is commonly used
when a batter has been effective in the game, leading to the
pitcher’s reluctance to pitch directly to them. Instead, the
pitcher opts to let the batter reach first base, avoiding the
risk for a worse outcome. The data in subsection III-A does
not include these scenarios.

A. Data

For this paper, we have utilized [?] to get play-by-play
data for each player. The data spans from the 2008 to the
2023 season, meaning data for players who retired before
2008 are unavailable. Ideally, we would look for players who
started their careers around 2008 and continued playing for
a long time. We needed to find players who faced each other
multiple times to separate them into individual match-ups
when conducting empirical tests.

Therefore, we selected ten match-ups by the frequency of
interactions, measured by the number of plays (or counts),
between the two players. Given that we could not filter all

match-ups from 2008, our criterion was to identify match-
ups with a minimum of 150 counts. The match-ups we have
chosen are as follows:

Pitcher Batter Number of counts
Trevor Bauer José Abreu 183

Madison Bumgarner Yasiel Puig 203
Gerrit Cole J.D. Martinez 192

Jacob deGrom Freddie Freeman 299
Zack Greinke Miguel Cabrera 167

Clayton Kershaw Paul Goldschimdt 284
John Lackey Ichiro Suzuki 179
CC Sabathia David Ortiz 255

Max Scherzer Andrew McCutchen 187
Justin Verlander Mike Trout 224

TABLE I: The ten match-ups

The data from Savant contain valuable information rele-
vant to our study. For every count, it provides data on the
ball’s release speed and xy coordinates when it crosses the
plate from the catchers’ perspective, allowing us to categorize
the type of pitches that pitchers could throw. Further, there
is an indicator of whether the batter swung, allowing us
to formulate batters’ strategies. Lastly, Savant includes the
outcomes of every count that is needed to calculate PO.

In total, we have three datasets that contain the elements
that we have described above. The initial dataset comprises
play-by-play data for ten pitchers’ careers dating back to
2008, enabling us to compile their entire match-up history.
The second dataset mirrors the first, but it pertains to batters.
Lastly, the third dataset contains the precise play-by-play
information for the match-ups defined in Table I. We will
utilize the first two datasets to generate our payoff matrix,
while the third dataset will serve as the test data for our
empirical analysis.

B. Framework

We define pitchers’ action space as P = S × L, where
S ∈ {fast, slow} and L ∈ {1, 2, 3, 4}. We consider a pitch
to be fast if it is above the pitcher’s average release speed.
L defines the pitch’s location where the numbers represent
the quadrants of possible pitch locations as seen in Figure 3.
Thus, there are eight discrete choices that a pitcher can make.
For batters, the action space is B = {swing, not swing}.

Within this framework, we calculate the utilities of players
where p ∈ P and b ∈ B:

U(p, b, θ, c) = E[R(θ, c)|p, b] =
n∑

i

R(θi, c) · P (θi|p, b)

(1)
In Equation 1, θ represents all possible outcomes in a

given strategy, while c represents the current count. R is a
run value associated with an outcome, which also depends
on the count; a strike at 0-2 would be more valuable to the
pitcher than at 0-0. In this paper, we utilize Melville’s run
values derived from run potentials in each scenario, meaning
run values would increase if a batter is more likely to score
a run after an outcome (see Table XIV in section ). Since
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we are modeling the game as zero-sum, the pitcher’s utilities
are simply the negative of the batter’s

Fig. 3: Different zones and quadrants

For the PO, we take historical distributions of the players’
actions by extracting play-by-play data from [?]. Under the
condition that the batter does not swing, we utilize the
pitcher’s historical outcome to calculate the utility, as it relies
solely on the pitcher to get the pitch within the strike zone.
On the other hand, given that the batter does swing, we
utilize the batter’s historical outcome to calculate the utility
and measure the batter’s ability to hit different pitches. Since
the pitcher’s action space is restricted to release speed and
location, we disregard other factors, such as the spin of a
pitch.

Since we have defined the necessary components for
building the two models, we can visualize our game with
a payoff matrix as seen in Table II. The values represent
the utilities of the pitcher, meaning the batter’s would be
the negative of the corresponding values. First, we notice
that most values are positive, which confirms the common
wisdom that the pitcher always holds an advantage regardless
of the type of pitch thrown. Batters have multiple tries to get
a hit to compensate for the disadvantage. In addition, we see
that the values of utilities change between counts due to the
change in both the run values and PO.

So far, we have discussed the components of the unso-
phisticated model. We will now discuss the components of
the sophisticated model. For this model, the action space for
both players remains the same, but the calculation of utility
changes:

Batter
Swing NotSwing

1fast 0.0462 0.0176
1slow 0.0048 0.0193
2fast 0.0092 0.0160

Pitcher 2slow 0.0058 0.0244
3fast 0.0154 0.0251
3slow 0.0206 0.0236
4fast 0.0123 0.0125
4slow 0.0053 0.0014

(a) Count: 0-0

Batter
Swing NotSwing

1fast 0.0272 0.0174
1slow 0.0232 0.0209
2fast 0.0152 0.0063

Pitcher 2slow 0.0921 0.0286
3fast 0.0358 0.0312
3slow 0.0493 0.0126
4fast 0.0064 0.0065
4slow 0.0040 -0.0144

(b) Count: 1-0
TABLE II: Unsophisticated model payoff matrix: John
Lackey vs Ichiro Suzuki

U∗(p, b, θ, c, p0) = E[R(θ, c)|p, b, p0]

=
n∑

i

R(θi, c) · P (θi|p, b, p0)
(2)

In Equation 2, p0 represents the pitch that the pitcher threw
at count 0-0. Thus, there are eight games for 1-0 and 0-1,
separated by prior actions. The run values stay the same as
they already change based on count. However, the PO would
be different. Ultimately, the goal is to see whether the players
recognize the change in the PO and play the corresponding
equilibrium strategies.

Under the sophisticated model, the utilities at 0-0 remain
the same but differ in second pitches as seen in Table III.
Even though only one matrix is shown as an example for 1-0,
there are eight payoff matrices with eight different equilibria
for 1-0 and 0-1.

Lastly, we exclude pitch types from the payoff matrix that
do not appear in specific match-ups. Imagine a situation
where a batter has faced numerous pitchers throughout
his career, contributing to a comprehensive payoff matrix.
However, in a particular match-up against a specific pitcher,
the pitcher may never use a certain pitch against this batter.
Thus, we face a problem where we cannot learn anything
about data that has never occurred in the sample due to
zero out of zero frequency being undefined. As a result,
we remove strategies that have never been played from the
payoff matrix.

C. Mixed Strategy Nash Equilibrium

Under our zero-sum game framework, we can utilize the
minimax theorem to prove the existence of MSNE. Addition-
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Batter
Swing NotSwing

1fast 0.0462 0.0176
1slow 0.0048 0.0193
2fast 0.0092 0.0160

Pitcher 2slow 0.0058 0.0244
3fast 0.0154 0.0251
3slow 0.0206 0.0236
4fast 0.0123 0.0125
4slow 0.0053 0.0014

(a) Count: 0-0

Batter
Swing NotSwing

1fast 0.0875 0.0147
1slow -0.0721 0.0252
2fast 0.0065 0.0218

Pitcher 2slow 0.0572 0.0387
3fast 0.0455 0.0339
3slow 0.0415 0.0058
4fast 0.0663 -0.0022
4slow 0.1085 -0.0002

(b) Count: 1-0 & p0: 1fast
TABLE III: Sophisticated model payoff matrix: John Lackey
vs Ichiro Suzuki

ally, we can formulate this theorem into two linear programs
that are duals to calculate MSNE with ease VonNeumann.
Thus, we first define our MSNE as such Tadelis:

E[U(σ∗
i , σ

∗
−i)] ≥ E[U(σi, σ

∗
−i)] (3)

In this equation, σi and σ−i represent the mixed strategy
for the player i and the other, respectively. Since mixed
strategies are probabilistic,

∑
si∈Si

σi(si) = 1 and σi ≥ 0
where Si is the strategy set for player i. Having defined our
payoff matrix, we can use linear programs’ duality to solve
for mixed strategies for both players as such Bradley:

Primal:

max W (4)

s.t. W ≤
∑

i

Aijxi, ∀1 ≤ j ≤ 2

∑

i

xi ≤ 1

−
∑

i

xi ≤ −1

xi ≥ 0, ∀1 ≤ i ≤ 8

Dual:

min W (5)

s.t. W ≥
∑

j

Aijyj , ∀1 ≤ i ≤ 8

∑

j

yj ≤ 1

−
∑

j

yj ≤ −1

yj ≥ 0, ∀1 ≤ j ≤ 2

where W is the expected utility, A is the payoff matrix,
and xi & yj are the mixed strategies for the pitcher and the
batter, respectively (see 1 and 2 in Table ).

W = 0.0232

1fast 0.2525
1slow 0
2fast 0
2slow 0
3fast 0.7475
3slow 0
4fast 0
4slow 0
swing 0.1966

not swing 0.8034

(a) Count: 0-0

W = 0.03117

1fast 0
1slow 0
2fast 0
2slow 0
3fast 1
3slow 0
4fast 0
4slow 0
swing 0

not swing 1

(b) Count: 1-0
TABLE IV: Unsophisticated model MSNE: John Lackey vs
Ichiro Suzuki

W = 0.0232

1fast 0.2525
1slow 0
2fast 0
2slow 0
3fast 0.7475
3slow 0
4fast 0
4slow 0
swing 0.1966

not swing 0.8034

(a) Count: 0-0

W = 0.0387

1fast 0
1slow 0
2fast 0
2slow 1
3fast 0
3slow 0
4fast 0
4slow 0
swing 0

not swing 1

(b) Count: 1-0 & p0: 1fast
TABLE V: Sophisticated model MSNE: John Lackey vs
Ichiro Suzuki

Table IV and Table V display the calculated values of
x∗
i & y∗j . We can confirm that the MSNE differs for the

sophisticated (conditioning on first pitch) and unsophisticated
(unconditional) models. Thus, We can now conduct empirical
tests such as comparing the OR between models to see which
equilibrium best represents the player’s dynamic.

However, MSNE often result in pure strategies, meaning
πi(si) = 1. We see a pure strategy in Table IV and Table V,
suggesting that pitcher and batter always take the same
action. While this approach appears logical in theory, the
expectation that players will perform optimally without any
margin for error is unrealistic in practical scenarios. Further,
it is impossible to measure the OR between models due to
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the zero-likelihood problem. If MSNE estimates an action to
be played with a probability of zero but still appears in the
sample, the likelihood would always converge to zero. Thus,
we resort to QRE in subsection III-D.

D. Quantal Response Equilibrium

At the MLB level, we assume batters and pitchers choose
their optimal strategies on average. However, as humans are
prone to make mistakes, both players may play a non-optimal
strategy, especially in a high-pressure situation. Thus, rather
than using a deterministic pure strategy that MSNE produces,
we calculate QRE, the noisy version of MSNE. It is crucial
that QRE does not abandon the notion of Nash equilibrium
and includes a statistical measurement of human errors. For
this paper, we use a particular class of quantal response
function, the logistic quantal response function, and its
equilibrium is defined as such Mckelvey:

πi(si, ...) =
exp(λE[U(si, π−i)])∑

s′i∈Si
exp(λE[U(s′i, π−i)])

, ∀i, si ∈ Si

(6)
where λ can interpreted as the statistical measurement of

error. λ = 0 means that players’ actions are fully caused
by error, while large λ indicates the opposite, where players
choose optimal strategies with no error. Thus, if λ is given,
we can solve a system of equations to get the QRE.

The problem lies in choosing the optimal λ for our context.
Similar to [?], we utilize an empirical method, maximum
likelihood estimation (MLE), to select λ∗. The log-likelihood
functions for our two models are thus:

Unsophisticated:

LLNS =
∑

j

[lnπi,NS(xi|λNS) + lnπi,NS(yi|λNS)] (7)

λ∗
NS = arg max

λNS∈Λ
LLNS (8)

Sophisticated:

LLS =
∑

j

[lnπi,S(xi|λS , p0) + lnπi,S(yi|λS , p0)] (9)

λ∗
S = arg max

λS∈Λ
LLS (10)

where x and y are the actual strategies that batters and
pitchers played, respectively, from the play-by-play data, and
j is the length of the data.

Table VI and Table VII show the QRE after λs have
been estimated with MLE for the given pair. We see a clear
difference from Table IV and Table V in the equilibrium,
and the discrepancies indicate that there is an implied loss
in expected payoff due to players’ erroneous play. If players
played without error (λ = ∞), Table VI would converge
to Table IV and Table VII to Table V. However, as players
make errors in their decision (λ gets closer to zero), the QRE
begin deviating from MSNE as shown in Table VIII.

In sophisticated models with multiple games for each
count, we can either estimate a universal λ∗ applicable to all

λ∗
NS = 48.3409

1fast 0.2420
1slow 0.0955
2fast 0.0977
2slow 0.1112
3fast 0.1417
3slow 0.1537
4fast 0.0962
4slow 0.0619
swing 0.4854

not swing 0.5146

(a) Count: 0-0

λ∗
NS = 3.3438

1fast 0.1247
1slow 0.1246
2fast 0.1200
2slow 0.1412
3fast 0.1295
3slow 0.1282
4fast 0.1183
4slow 0.1137
swing 0.4842

not swing 0.5158

(b) Count: 1-0
TABLE VI: Unsophisticated model QRE: John Lackey vs
Ichiro Suzuki

λ∗
S = λ∗

NS = 48.3409

1fast 0.2420
1slow 0.0955
2fast 0.0977
2slow 0.1112
3fast 0.1417
3slow 0.1537
4fast 0.0962
4slow 0.0619
swing 0.4854

not swing 0.5146

(a) Count: 0-0

λ∗
S = 0.3769

1fast 0.1260
1slow 0.1225
2fast 0.1243
2slow 0.1258
3fast 0.1255
3slow 0.1247
4fast 0.1251
4slow 0.1261
swing 0.4976

not swing 0.5024

(b) Count: 1-0 & p0: 1fast
TABLE VII: Sophisticated model QRE: John Lackey vs
Ichiro Suzuki

games within a specific count or calculate distinct λp0
values

based on the prior pitch. Choosing a common λ implies
that players exhibit a consistent error rate irrespective of the
prior pitch, whereas opting for individual λp0 values suggests
that players’ error rates vary depending on the preceding
pitch. Thus, we would utilize the exact maximum likelihood
estimation as before but with eight variables now:

LLS,multi =
∑

j

[lnπi,S(xi|λS,p0
, p0) + lnπi,S(yi|λS,p0

, p0)]

(11)
λ∗
S,p0

= arg max
λS,p0

∈Λ
LLS,multi (12)

[?] showed that batters use an estimate of pitch speed
to predict pitch height with expectations formed by prior
pitch information. The batters would predict how far a ball
would drop and form the decision to swing. However, batters
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count MSNE payoff QRE payoff Implied loss
0-0 0.0232 0.0194 16.3793%
1-0 0.0312 0.0235 24.6795%

TABLE VIII: Unsophisticated MSNE and QRE model im-
plied loss

often are not successful in making accurate predictions of
ball trajectory and lead to large errors in perception of ball
height when the pitch speed varies between counts Gray.
Thus, suppose a pitcher opens up with a fast pitch but throws
a slow pitch in the third or the fourth zone. The batter’s
optimal strategy may be to swing, but the misjudgement of
pitch speed may lead them to think that balls may go past
the shadow zone, causing them to not swing.

In count 1-0 of Table VI, a single λ value estimates the
QRE as an unsophisticated model has one game per count.
For Table VII, a single λ value estimates the QRE of eight
games (one for each prior pitch), meaning the games would
share the λ. Lastly, for Table IX, eight λp0

values are used
to estimate the QRE of the corresponding games.

λ∗
S = λ∗

NS

= 48.3409

1fast 0.2420
1slow 0.0955
2fast 0.0977
2slow 0.1112
3fast 0.1417
3slow 0.1537
4fast 0.0962
4slow 0.0619
swing 0.4854

not swing 0.5146

(a) Count: 0-0

λ∗
S,1fast = 8.9104

1fast 0.1442
1slow 0.0829
2fast 0.1098
2slow 0.1452
3fast 0.1355
3slow 0.1156
4fast 0.1220
4slow 0.1447
swing 0.4265

not swing 0.5735

(b) Count: 1-0 & p0: 1fast
TABLE IX: Sophisticated model QRE (multi-λ): John
Lackey vs Ichiro Suzuki

With the estimated λ∗, we calculate for π∗
i (si) and see that

there are no equilibria where a strategy with probabilities of
zero exist in Table VI, Table VII, and Table IX. Thus, we do
not run into the zero-likelihood problem anymore and can
now calculate the OR (see 3, 4, 5 in Table ):

ORNS,S = exp(LL∗
S − LL∗

NS) (13)
ORNS,S,multi = exp(LL∗

S,multi − LL∗
NS) (14)

IV. RESULTS

A. Aggregate

Table X shows the estimated λ∗’s and OR for the aggregate
unsophisticated and sophisticated model. We see multiple
0.1 as λ values, the minimum threshold set in the optim
function. As we mentioned in subsection III-D, λ values
closer to 0 indicate that the players’ actions are fully caused
by errors and disregarding our theoretical optimal strategies
completely. As a result, we label the count as NA if both
λs are 0.1. Interpreting OR values do hold much meaning
as both models’ QREs are far from optimal strategy, leading
ORs converging to one as a result. count 0-0 should always

have OR of one as they use the same non-conditional model,
but we will still label it NA if both λs are 0.1 for the reasons
above.

count λ∗
NS λ∗

S ORNS,S

0-0 0.1 0.1 NA
1-0 0.1 3.0355 1.3519
0-1 7.0454 0.1 0.7118

TABLE X: ORNS,S of aggregate data

It also could mean that our way of calculating the payoff
aligns differently with how players value specific outcomes.
One major element contributing to this misalignment is the
batters’ swing frequency. In count 0-1 especially, many bat-
ters swing more than they should due to the added pressure of
a strike. However, batters swinging in these situations lead to
more outs and fouls, so the PO still favors them not swinging
in these circumstances. Thus, when we aggregate the data,
it is likely that the majority of batters fall into this category.

Lastly, players may try to be intentionally “unpredictable”
to throw their opponents off their game or prevent them from
playing their own side of the MSNE. Regardless, we can see
how each batter and pitcher behaves differently in a match-up
in subsection IV-B.

Nevertheless, Table X shows cases where λ∗
NS and λ∗

S

values are different within the same count (excluding 0-
0 case as both models use the same payoff matrix). Such
outcomes are anticipated since a high λ value suggests
that empirical data align more closely with a model’s Nash
equilibrium. Further, we see different patterns of λ between
counts, suggesting that at a 1-0 count, empirical data tend to
align better with the Nash equilibrium of the sophisticated
model compared to the unsophisticated model, while at 0-1,
the situation appears to be reversed. However, it is important
to note that higher λ values do not guarantee a higher
likelihood for a model, as the QRE is the determining factor
for model likelihood.

Thus, we see an interesting change in ORNS,S values
between counts. The unsophisticated model seems better
at estimating when counts are 0-1, while the sophisticated
model performs better when counts are 1-0. This result may
be due to the difference in pressure on batters. [?] shares
an interesting take regarding athletes’ self-consciousness in
high-pressure situations. The athletes start to question their
own performance process instead of the task at hand, result-
ing in a decline in performance. Thus, batters or pitchers
are more prone to make wrong decisions than usual as the
situation becomes dire.

At 1-0, both players know that there is a cushion of strikes
and balls, so there is no added pressure to force a decision,
allowing them to be more ”sophisticated.” On the other hand,
we see that players (most likely the batters) do not consider
the first pitch’s impact on the second pitch’s outcome at 0-1.
Thus, we can hypothesize the reason behind the values of
ORNS,S , but we can also see how the pattern of OR changes
with different assumptions.

Table XI is the result of using different error estimates,
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λS,p0
, dependent on prior pitch types. The eight λS,p0

vary
significantly with implications of different error rates. Like
the lower threshold of 0.1, there is also an upper threshold
of 100 to keep denominators and numerators in Equation 6
below the maximum float that R can handle. Under the
assumption that players make errors at a different rate, we
see a different result in ORNS,S,multi.

Table XI show different λS,p0
values within the same

count, suggesting that players’ error rates do depend on prior
pitches. Further, with multiple λ∗

S,p0
, the ORNS,S,multi indi-

cate that players are sophisticated learners in both counts. So
far, however, we have discussed the results from aggregating
players into a single payoff matrix. Using such a method
suffers from generalizing the player population where het-
erogeneity may exist due to each pitcher and batter’s unique
skills and behavior. Thus, we resort to separating players into
individual match-ups to resolve the heterogeneity of players’
characteristics.

B. Individual Match-ups

Table XII separates the aggregated data into ten separate
match-ups and shows the QRE fit of using a single λ value.
Consistent from before, we see that λNS and λS values are
different. However, we can also see that the players have
different λNS and λS values. Since each player has different
playoff matrix, some play closer to the Nash equilibrium than
others. Thus, we can identify which players play closer to
our defined model in different counts as λ values differ again
between counts in individual match-ups

We also see different patterns of ORNS,S values in the
match-ups. Seven out of ten match-ups show values greater
than one for 1-0 and less than one for 0-1, consistent with
the aggregate data. However, there are three match-ups where
ORNS,S are either greater than or less than one in both pitch
counts. For Jacob deGrom and Freddie Freeman, ORNS,S is
greater than one for both counts, which could mean that
these players are more immune to situational pressure and
can stay sophisticated in how they play. However, players
such as Gerrit Cole and J.D. Martinez may be the opposite
as values for ORNS,S are less than one in both counts. The
differing ORNS,S confirms heterogeneity in players’ ability
to process prior pitches’ information.

Table XIII show the results when using multiple λ∗
S,p0

to estimate models for individual match-ups. Similar to Ta-
ble XII, there are differing values of λNS and λS,p0

between
counts, confirming differing error rates between counts. Fur-
ther, we see that values of λS,p0

are different between players
once again, showing the heterogeneity amongst players in
terms of their ability to withstand pressure and play in a
sophisticated way. Lastly, we can also see that the values of
λS,p0

within the same count are different, meaning players
have different rates of error for each prior pitch, which is
consistent with the result of the aggregate model.

However, the major difference between Table XII and
Table XIII are in ORNS,S,multi. Nine out of ten match-
ups show values greater than one for ORNS,S,multi in both
counts, meaning players can take prior pitch into their

strategy regardless of the count. The match-up between
Zack Greinke and Miguel Cabrera is the only case where
ORNS,S,multi is not greater than one in both counts. Ulti-
mately, the result indicates that most players are sophisticated
enough to learn from the prior pitch to recognize the change
in the outcome of the second pitch regardless of the count.

In short, our findings vary based on the assumptions made
about players’ error rates. Assuming that players maintain a
consistent error rate irrespective of the initial pitch, our re-
sults suggest that players exhibit less sophisticated gameplay
at a 1-0 count. Conversely, if we consider players’ error rates
as influenced by the first pitch, it appears that players play
our defined version of sophisticated way regardless of the
count.

C. Limitation of Our Results

While utilizing zero-sum games as our framework pro-
vides us with many advantages, the zero-sum assumption
may oversimplify the complexity of the game. While indi-
vidual match-ups may seem zero-sum, baseball is a team
sport with cooperative elements. Team strategies, fielding,
and base running may introduce elements that go beyond
the zero-sum framework. Additionally, since we are treating
each sequence of games to be independent, we assume that
players are not changing their behaviors over time within the
same match-up. However, they may change their learning
process throughout their match-up history.

When we break down aggregate data into specific player
match-ups, we address the variability among players. How-
ever, our models do not account for situational differences
that could affect the game, such as rivalries, weather con-
ditions, and other unique aspects of each match. Addition-
ally, we assume that players’ performance remains constant
regardless of their opponents. Our payoff matrix construc-
tion relies on players’ PO drawn from their entire career
data since 2008. Therefore, we anticipate that players will
strategize based on these historical outcomes. This approach
implies that we overlook the potential for players to differ in
their PO in different match-ups. For example, we assume
Ichiro Suzuki’s historical performance remains the same
when he faces 1fast from John Lackey as it does against
all other pitchers he has encountered throughout his career.

Further, the result of most players being sophisticated
learners in both counts in Table XI and Table XIII may
be due to selection bias. As mentioned previously in sub-
section III-B, our selection criteria for match-ups required
a minimum of 150 interactions between the two players.
This criterion suggests that both players have had sufficiently
long careers to encounter each other numerous times. Con-
sequently, this indicates that the players involved in these
match-ups are likely more skilled than the average MLB,
given their longevity and frequency of play. Thus, the result
can not be generalized to the MLB as a whole.

Finally, the magnitude of ORs matter, as they indicate
the extent to which the sophisticated model is more or less
likely compared to the unsophisticated model. For example,
ORNS,S,multi of 3300.8986 for Kershaw and Goldschmidt
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count λ∗
NS λ∗

S,p0
∈ (λ∗

S,1fast, λ
∗
S,1slow, ..., λ∗

S,4slow) ORNS,S,multi

0-0 0.1 0.1 NA
1-0 0.1 (24.9427, 39.6840, 0.1, 0.1, 1.9390, 0.1, 0.1, 9.0096) 648.0060
0-1 7.0454 (0.1, 0.1, 0.5045, 4.6753, 89.4736, 0.1, 33.3067, 4.6454) 31654.9559

TABLE XI: ORNS,S,multi of aggregate data

pitcher batter count λ∗
NS λ∗

S ORNS,S

Lackey, John Suzuki, Ichiro 0-0 48.3409 48.3409 1.0
Lackey, John Suzuki, Ichiro 1-0 3.3438 0.3769 1.4260
Lackey, John Suzuki, Ichiro 0-1 42.2116 8.7889 0.1989
Greinke, Zack Cabrera, Miguel 0-0 0.1 0.1 NA
Greinke, Zack Cabrera, Miguel 1-0 0.1 0.1 NA
Greinke, Zack Cabrera, Miguel 0-1 32.9493 1.8941 0.1565

Kershaw, Clayton Goldschmidt, Paul 0-0 0.1 0.1 NA
Kershaw, Clayton Goldschmidt, Paul 1-0 0.1 1.6326 1.0732
Kershaw, Clayton Goldschmidt, Paul 0-1 0.1 0.1 NA

Scherzer, Max McCutchen, Andrew 0-0 0.1 0.1 NA
Scherzer, Max McCutchen, Andrew 1-0 0.1 15.9321 2.9053
Scherzer, Max McCutchen, Andrew 0-1 6.6504 0.1 0.8222

Verlander, Justin Trout, Mike 0-0 0.1 0.1 NA
Verlander, Justin Trout, Mike 1-0 2.1726 1.8668 1.0297
Verlander, Justin Trout, Mike 0-1 0.1 0.1 NA

Bumgarner, Madison Puig, Yasiel 0-0 26.4309 26.4309 1.0
Bumgarner, Madison Puig, Yasiel 1-0 37.3507 4.9403 0.0367
Bumgarner, Madison Puig, Yasiel 0-1 0.1 0.1 NA

deGrom, Jacob Freeman, Freddie 0-0 0.1 0.1 NA
deGrom, Jacob Freeman, Freddie 1-0 0.1 6.9191 4.9998
deGrom, Jacob Freeman, Freddie 0-1 9.6379 8.7926 4.2684

Cole, Gerrit Martinez, J.D. 0-0 0.1 0.1 NA
Cole, Gerrit Martinez, J.D. 1-0 1.3822 0.3069 0.9991
Cole, Gerrit Martinez, J.D. 0-1 9.4516 1.1047 0.6285

Bauer, Trevor Abreu, José 0-0 0.1 0.1 NA
Bauer, Trevor Abreu, José 1-0 0.1 0.6586 1.3733
Bauer, Trevor Abreu, José 0-1 39.1592 5.3637 0.7327
Sabathia, CC Ortiz, David 0-0 0.1 0.1 NA
Sabathia, CC Ortiz, David 1-0 0.1 0.5573 1.1759
Sabathia, CC Ortiz, David 0-1 0.1 0.1 NA

TABLE XII: ORNS,S of individual match-ups

in Table XIII indicate that the sophisticated model is around
3300 times more likely than the unsophisticated model. On
the other hand, ORNS,S,multi of 1.0750 for Sabathia and
Ortiz in the same table indicate the sophisticated model
is only 1.07 times more likely than the unsophisticated
model. Thus, there are varying levels of how much a model
outperforms the other.

V. CONCLUSION

This paper examined whether the players can recognize the
change in PO conditioned on the prior pitch. To test this, we
created two versions of game-theoretic models. Both models
determined player payoffs using the expected run value and
PO. However, their approach to calculating PO differed: The
simpler model utilized an unconditioned PO, whereas the
more complex model utilized a conditioned PO. The goal
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pitcher batter count λ∗
NS λ∗

S,p0
∈ (λS,1fast, λS,1slow, ..., λS,4slow) ORNS,S,multi

Lackey, John Suzuki, Ichiro 0-0 48.3409 48.3409 1.0
Lackey, John Suzuki, Ichiro 1-0 3.3438 (8.9104, 3.8895, 0.1, 12.2918, 6.0298, 0.1, 85.8041, 0.1) 9.8404
Lackey, John Suzuki, Ichiro 0-1 42.2116 (7.5563, 0.1, 25.4955, 10, 16.7723, 0.1, 0.1, 10) 1.2770
Greinke, Zack Cabrera, Miguel 0-0 0.1 0.1 NA
Greinke, Zack Cabrera, Miguel 1-0 0.1 (0.1, 10, 0.1, 98.6016, 10, 3.2301, 0.1, 0.1) 3.4893
Greinke, Zack Cabrera, Miguel 0-1 32.9493 (15.1464, 0.4396, 10, 0.1, 0.1, 10, 0.1, 6.8115) 0.3562

Kershaw, Clayton Goldschmidt, Paul 0-0 0.1 0.1 NA
Kershaw, Clayton Goldschmidt, Paul 1-0 0.1 (16.2664, 10, 100, 0.1, 0.1, 69.3419, 58.5698, 4.5883) 3300.8986
Kershaw, Clayton Goldschmidt, Paul 0-1 0.1 (0.1, 0.1, 0.1, 24.4230, 0.1, 100, 0.1, 50.8908) 47.7820

Scherzer, Max McCutchen, Andrew 0-0 0.1 0.1 NA
Scherzer, Max McCutchen, Andrew 1-0 0.1 (32.9205, 21.8861, 33.5700, 10, 10, 10, 13.9356, 0.1) 17.0508
Scherzer, Max McCutchen, Andrew 0-1 6.6504 (0.1, 12.5991, 0.1, 0.1, 0.1, 1.3765, 6.2228, 14.5466) 2.3210

Verlander, Justin Trout, Mike 0-0 0.1 0.1 NA
Verlander, Justin Trout, Mike 1-0 2.1726 (20.3959, 10, 0.1, 10, 0.1, 10, 100, 0.1) 6.3449
Verlander, Justin Trout, Mike 0-1 0.1 (0.1, 10, 0.1, 0.3056, 20.7593, 10, 0.1, 0.1) 1.9130

Bumgarner, Madison Puig, Yasiel 0-0 26.4309 26.4309 1.0
Bumgarner, Madison Puig, Yasiel 1-0 37.3507 (5.4137, 0.1, 30.4060, 12.4564, 0.1, 33.8627, 100, 10) 2.7370
Bumgarner, Madison Puig, Yasiel 0-1 0.1 (1.5867, 10, 0.1, 0.1, 0.1, 17.7683, 0.1, 0.2994) 2.6203

deGrom, Jacob Freeman, Freddie 0-0 0.1 0.1 NA
deGrom, Jacob Freeman, Freddie 1-0 0.1 (3.7353, 51.2013, 0.1, 24.1301, 0.1, 0.1, 0.1, 29.0615) 186.5501
deGrom, Jacob Freeman, Freddie 0-1 9.6379 (0.1, 21.6391, 4.0639, 8.2194, 7.4019, 23.1987, 4.3154, 17.9117) 18.4424

Cole, Gerrit Martinez, J.D. 0-0 0.1 0.1 NA
Cole, Gerrit Martinez, J.D. 1-0 1.3822 (10, 100, 35.2833, 0.1, 10, 10, 2.5785, 0.1) 7.6107
Cole, Gerrit Martinez, J.D. 0-1 9.4516 (74.8631, 1.2223, 10.6876, 0.1, 0.1, 15.8100, 1.1787, 0.1) 10.1635

Bauer, Trevor Abreu, José 0-0 0.1 0.1 NA
Bauer, Trevor Abreu, José 1-0 0.1 (1.3724, 30.7924, 100, 0.1, 10, 10, 0.1, 0.5551) 22.0002
Bauer, Trevor Abreu, José 0-1 39.1592 (5.1780, 10.5742, 0.1, 2.4420, 10, 0.1, 11.3606, 36.0132) 4.1146
Sabathia, CC Ortiz, David 0-0 0.1 0.1 NA
Sabathia, CC Ortiz, David 1-0 0.1 (100, 0.1, 0.1, 27.1752, 6.6407, 7.3448, 18.4853, 0.1) 197.7592
Sabathia, CC Ortiz, David 0-1 0.1 (0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 4.6510, 0.1) 1.0750

TABLE XIII: ORNS,S,multi of individual match-ups

was to compare the two model’s equilibrium with their OR.
However, we realized that MSNE resulted in mixed

strategies played with zero probability, resulting in a zero-
likelihood problem when calculating OR. Thus, we utilized
QRE, allowing players to make errors and deviate from
optimal choice. As a result, we removed the possibility
of equilibrium with mixed strategies of zero probability.
Calculating QRE involved estimating λ, which measured
error. We also considered the possibility of players having
different error rates depending on the prior pitch by estimat-
ing separate λ for each situation.

When we aggregated our data, we showed that players’
sophistication levels depended on the count. However, when
we allowed different error rates in the second pitch QRE, the
result showed that players were sophisticated regardless of
the count. Separating the data into individual match-ups dis-
played similar results. However, it also gave us an insight into
which players were sophisticated under different assumptions
and confirmed that there was heterogeneity among players
due to the difference in skill level and characteristics.
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APPENDIX

Count Ball Called Strike Swinging Strike Foul Hit Double Triple Home Run Out
0-0 0.034 -0.043 -0.043 -0.043 0.494 0.79 1.068 1.407 -0.289
1-0 0.063 -0.05 -0.05 -0.05 0.46 0.756 1.034 1.373 -0.323
0-1 0.027 -0.062 -0.062 -0.062 0.537 0.832 1.11 1.45 -0.246

TABLE XIV: Expected run values of first two counts

Algorithm 1 MSNE solver: pitcher’s side (primal)

Require: p, 8× 2 payoff matrix
A ← transpose(p)
A equality ← matrix(c(rep(1, ncol(A)), rep(-1, ncol(A))), nrow = 2, byrow = TRUE) ▷ adding

∑
i xi ≤ 1 and

−∑i xi ≤ 1 constraints to A
A ← rbind(A, A equality)
A ← cbind(c(-1, -1, 0, 0), A) ▷ adding W to A
B ← c(0, 0, 1, -1) ▷ specifying constraint values
C ← c(1, rep(0,ncol(A))) ▷ maximizing W , the first column of A
constraints direction ← c(”¿=”, ”¿=”, ”¡=”, ”¡=”) ▷ primal constraint direction
p optim ← lp(”max”, C, A, constraints direction, B) ▷ lp includes xi ≥ 0 constraint automatically

Ensure: p optim$solution

Algorithm 2 MSNE solver: batter’s side (dual)

Require: p, 8× 2 payoff matrix
A ← p ▷ the steps are identical to Algorithm 1, but it is a minimization problem with different A shape and constraint
directions
C ← c(1, rep(0,ncol(A)))
A equality ← matrix(c(rep(1, ncol(A)), rep(-1, ncol(A))), nrow = 2, byrow = TRUE)
A ← rbind(A, A equality)
A ← cbind(c(rep(-1,nrow(A)-2), 0, 0), A)
B ← c(rep(0,nrow(A)-2), 1, -1)
C ← c(1, rep(0,ncol(A)))
constraints direction ← c( rep(”¡=”,nrow(A)))
p optim ← lp(”min”, C, A, constraints direction, B)

Ensure: p optim$solution
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Algorithm 3 Likelihood generator for non-sophisticated QRE model
Require: (balls, strikes) = (0,0) ∨ (0,1) ∨ (1,0)
Require: matchup(players, balls, strikes), wanted match-up data; contains pitch type & swing indicator
Require: NC(players, balls, strikes), wanted payoff matrix

if unique(matchup$pitchtype) ̸= unique(NC$pitchtype) then
filter out rows from NC where the pitchtype is not found in matchup

end if
FN ← exp(λNSE[U(si,π−i)])∑

s′
i
∈Si

exp(λNSE[U(s′i,π−i)])
where E[U(si, π−i)] = NC[si, ]× π−i ▷ a system of equations; π = c(x, y)

LLNS ←
∑

j [lnπi,NS(xi|λNS) + lnπi,NS(yi|λNS)] ▷ xi and yi from FN and mapped to matchup
result ← optim(LLNS) ▷ outputs λ∗

NS = arg max
λNS∈Λ

LLNS

final ← LLNS(x∗, y∗, λ∗
NS)

Ensure: final

Algorithm 4 Likelihood generator for sophisticated QRE model
Require: (balls, strikes) = (0,1) ∨ (1,0)
Require: matchup(players, balls, strikes), wanted match-up data; contains pitch type & swing indicator
Require: C(players, balls, strikes), a list of containing 8 payoff matrix for each prior type

FN ← an empty list
for p0 in 1:length(C) do

if unique(matchup$pitchtype) ̸= unique(C[[p0 ]]$pitchtype) then
filter out rows from C[[p0 ]] where the pitchtype is not found in matchup

end if
FN [[p0]]← exp(λSE[U(si,π−i)])∑

s′
i
∈Si

exp(λSE[U(s′i,π−i)])
where E[U(si, π−i)] = C[[p0]][si, ]× π−i ▷ a list containing systems of

equations; π = c(x, y)
end for
LLS ←

∑
j [lnπi,S(xi|λS , p0) + lnπi,S(yi|λS , p0)] ▷ xi and yi from FN and mapped to matchup

result ← optim(LLS) ▷ outputs λ∗
S = arg max

λS∈Λ
LLS

final ← LLS(x∗, y∗, λ∗
S)

Ensure: final

Algorithm 5 Likelihood generator for sophisticated QRE model (multi-λ)
Require: (balls, strikes) = (0,1) ∨ (1,0)
Require: matchup(players, balls, strikes), wanted match-up data; contains pitch type & swing indicator
Require: C(players, balls, strikes), a list of containing 8 payoff matrix for each prior type

FN ← an empty list
for p0 in 1:length(C) do

if unique(matchup$pitchtype) ̸= unique(C[[p0 ]]$pitchtype) then
filter out rows from C[[p0 ]] where the pitchtype is not found in matchup

end if
FN [[p0]]← exp(λS,p0

E[U(si,π−i)])∑
s′
i
∈Si

exp(λS,p0
E[U(s′i,π−i)])

where E[U(si, π−i)]) = C[[p0]][si, ]× π−i ▷ a list containing systems of

equations; λS = c(λS,1fast, ..., λS,4slow); π = c(x, y)
end for
LLS,multi ←

∑
j [lnπi,S(xi|λS,p0 , p0) + lnπi,S(yi|λS,p0 , p0)] ▷ xi and yi from FN and mapped to matchup

result ← optim(LLS,multi) ▷ outputs λ∗
S,p0

= arg max
λS,p0

∈Λ
LLS,multi

final ← LLS,multi(x∗, y∗, λ∗
S)

Ensure: final
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